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Pairing interaction in nuclei : /

B Pairing interaction

1 nucleon

/@\ SO (Fermion)
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/ \ nucleon q
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(Neutron) (Proton) _ BCS condensation

Cooper pair .

More stable (Superfluid state)

B Phenomena influenced by the pairing interaction
* Dripline * Pair transfer reaction * Deformation of nuclei
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4He Neutron drip line
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Neutron number N

' Ex.) Sn isotope

Kouno et al. Nature 620, p.965-970 (2023) 4He

The drip line has a jagged shape. Two-neutron pair addition Reducing the deformation
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Pair collective motion

B Ground-state energies of even-even nuclei from the viewpoint of the pairing

Eq (Ng + AN) = Ey (No) + 2,(Ng)AN + Epair(No, AN)

Ground-state energy Fermienergy Pair collective excitation energy
occurs in nuclei near magic . . . . . o . occurs in open-shell
numbers (normal phase) F Pairing vibration Pairing rotation = nuclei (superfluid phase)
) Number gauge space " Eo.ir(N) = —Bayp(N) + 8.58N + 45.3 [MeV] ]
| E(A), =-B{A}+B(208)+58I (A-208) A\ Potential energy i pair exp | 47
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Pairing collective excitation energy around 2°®Pb &/ Order parameter Pairing collective excitation energy around 11¢Sn
R. A. Broglia et al. (1973) Pair Brink and Broglia, Nuclear Superfluidity (2010)
airing
Pairing vibrational energy rotation Pairing rotational energy

| 1 N — Ny)?
EY® (No,AN) = 5 R[N =No| | (N=N, + AN) E™° (Ny, AN) = ( 2@")

pair pair
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Critical point

Critical point 2.0
e The critical point of the pairing transition from normal to superfluid phase 1.5
* The doubly magic nucleus 2°8Pb can be very close to the critical point. _
- . S 1.0
(Clark and Macchiavelli, PRC 77, 057301 (.2008)) N . 1 Normal phase
* Clark et al. (2008) and others have discussed critical points 0.5
phenomenologically, but no microscopic analysis has been performed so '
far. 0.0 minimum
P ial & "
Number gauge space otential energy %o 1.5
c
q) Y
= = 1.0 Critical point
Normal |Pairing % 0.5
' ase vibration ansition o minima
OO _________ I(X'w
: ”
15
E 10
= Superfluid phase
' 0.5 minimum
0.0
Order pa"ameter 00 05 10 15 20

Palrlng
O Order parameter

rotation Clark et al. PRL 96, 032501 (2006)
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Pairing collective Hamiltonian

B To analyze various situations including the critical point, it is necessary to construct the pairing collective
Hamiltonian that can describe the pairing rotation and vibration within the unified framework.

Pairing collective Hamiltonian in D. R. Bés et al. (1970)
Heon = V(“) + Trot(a) + Tvib(“)
_ 1 07 _1( 1 () 1 oMm(a)
N 2M(a) 0a? 4 \J(a)M(a) Ja M(a)2 Oda

(N_NO)Z)
29 ()

)=+ (V(a) + AN = No) +

* Bésetal. (1970) used cranking masses that do not include the effect of the residual interaction, while Clark
et al. (2008) used constant masses.

->We use dynamical collective masses obtained from local QRPA calculations, which take into account the
effect of the residual interaction.



Purpose of this study
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Goal of this study

p
* We construct a pairing collective Hamiltonian (PCH) based on nuclear density functional

theory capable of the pairing collective dynamics across the entire nuclear chart including
the critical point of the phase transition.

* By identifying critical-point nuclei, we reexamine the magicity from the perspective of the
pairing collective dynamics.

In this talk... \4
f N

We construct the PCH using the constrained BCS + local QRPA method.
We compare the resulting physical quantities with the experimental data
and analyze the effect of the residual interaction.

\, y

Superfluid

—

Order parameter
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Constrained BCS calculation

We performed the constrained BCS calculations to obtain the state including the neutron 150 pairing in Pb isotopes.
We constrain the Hamiltonian with the particle number N and the pairing order parameter «.

G
)2 = Z €y (chu + cj]cﬁ) Y Z(CLC;CF/CU + cﬁcuc:ﬂcg)
0 v Model space
— AN — No) + u(@& — ag) + C(é — ag)® i11/2
= H' + (& — o) + C(& — a)?  Linearconstraint  Augmented Lagrangian Method g9/2
(A. Staszczak et al. (2010))
Pair operator (a = (@)): A—EZ(TT%—— )
airoperator (@ = {@)): & =g c,Cp + Cucy 208p},
m p1/2
The single particle energy e, is determined by solving the Schrodinger equation using modified 1‘53/22
oscillator potential (HO + [? term + [ - s term) . 3/
. : : : i13/2
We solve the variational equation using the BCS wavefunctions.
h9/2

Aot = Gla) — % —Cc({a) — ap)

Here, we determine the pairing strength G so as to reproduce the experimental pairing gap A of 188Pb.

Then we obtain the collective potential V(«a). V(a) = (BCS(a)|H'|BCS(a))

f7/2



Local QRPA calculation method  7/15

Local QRPA : calculates the collective excitation in each collective coordinate using the i
constrained mean-field (BCS) state.
(—=large-amplitude dynamics) .

Since the collective potential is soft, we use the local QRPA.

QRPA equation in each collective coordinate

V(g)

A N 2 T o o
[H, + (“(a - O{O) + C(a - ()50) )MF; F)\] — OJ)\FA QRPA phonon operator Collectiveqcoordinate

From this equation, we can write the above equation using A and B matrices, and then diagonalize the QRPA equation.
(A + B)(A — B)Q)\ = wiQ)\ —’i(A + B)P)\ = wiQ)\ We normalize the P, Q vectors.

Thouless-Valatin pairing moment of inertia (P-Mol, 7(«))

ij(Of) =2 Z Nzo(a (A(Of) + B( ) ,LL,LH/VNQO( )
>0
Pairing vibrational mass (M («))

M(a) = min M4 (a) = min(

~ —2
|@,3P* (@] Bes(@)))
We insert V(a), 7(a), and M (a) of 2°8Pb into the PCH.
~ 1 0% 1 1 07(a) 1 om(a)
Heon = (

Washiyama, Hinohara, and Nakatsukasa, PRC 103, 014306 (2021)

2M(a) 0a? 4 \I(a)M(a) da - M(@)? da

)£+ V(@) + AN - Ng) + 8520



Results

Collective potential V(a), Mass M (a), P-Mol 7(a)
Mixing between rotational and vibrational modes
NG mode separation

Effect of residual interaction
pair
Rn/z
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Collective potential V(«a), Mass M (a), P-MOI 7(«a)

—.0.020
~480.0] n 208pp
208Pb > 0.018]
—482.5] = 0,016/
—485.0° ~ 0.0141
— S
g —487.5] s 00124
%) ] L -2
= —490.01 @ 0-0101" ar(a) = min MA(a) =\ain ((BCS(a) &,—1,1” (a)” BCS(a)))
S 4925 = 0.0081_ = —
-/ .
~ o
—495.0° |
3 4
—497.51  minimum =
S 31
~500.0{ | | | | =
0 10 20 30 40 52
a (= Aert/G) S
V(@) = (BCS(a)|A|BCS(a)) V@ =2 ) N BN
01 upvv
0 10 20 30 40
a (= Aei/G)
4 )

* The collective potential exhibits charcteristics of the normal phase, but it is close to the critical phase.
* The pairing vibrational mode changes at a~22 (A= 3.2 MeV), where the vibrational mass has a kink.

 P-Mol increases with a, reaches a maximum, and then decreases.
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P-MOI I(a)

 P-Mol increases with a, reaches a maximum, and then decreases in the (subshell) closed nuclei.
— This behavior is consistent with our previous study within the non-constrained BCS calculation.

(Ruike, Hinohara, and Nakatsukasa, arXiv:2504.11908)

\§
Our previous work (non-constrained BCS + double BE diff) This work (a-constrained BCS + LQRPA)
208
=4 TPD =
= =
D) («D}
= 3 = 34
N\ N\
S, S 2
= = LQRPA (w/ residual)
§ L Double BE diff (w/ residual) § N
a I(N, G) =—2 4 o I(a) =2 Z N (A + B) iy Ny
2E — Ey(N—2,6)—2Eo(N,d)+Eqg(N+2,G)
0l N2 0- T7a%Y
0 2 4 6 8 10 12 14 16 0 10 20 30 40
A/G a (= Aer/G)
We changed the pairing strength ¢ and solved the We changed the order parameter a and solved the
non-constrained Hamiltonian with BCS w.f. a -constrained Hamiltonian with BCS w.f.

H = Zeﬂ ¢Cutcp c@—%Z(LcTcycy—i—c,&cN TcT) A(N—NO) H”:H’-F“(&—ao)—kC(ég—ao)Q

i
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Mixing between rotational mode and vibrational modes

208Pb Component of the rotational mode in the vibrational mode
300 A .N.P.
| (A+ B)(A—B)Q) = w;°Q, 0-8] cosoy = |2 | 208py
Qo 3. N;? \/Z p.2
= o Vibrational mode 0.6 ‘/ C T
. >

= - S

150 9]
Ng / gt 8 04

/' Rotational mode /‘\/
0 - — 0.0— - - -

—— —

0 o ° & T0 10 20 30 40
a a (= Aers/G)

K In almost the entire region (except near & = 0), the component of the rotational mode in the vibrational mode, cos 0y
IS nonzero.
—> We cannot separate the rotational and vibrational modes at QRPA level because the pair operator @ does not

commute with the number operator [c?, N] # (. (Hinohara et al. (2007))
* For axial spatial rotation, SO(3) is broken but SO(2) survives, so K remains a good quantum number and the vibrational
and NG (rotational) modes are separated by K. For the superfluid case, U(1) is broken with no other remaining
K symmetry, so no guantum number is conserved, and the vibrational and NG (pairing rotational) modes can mix.

~

’

/
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NG-mode separation

We orthogonalized P and Q vectors against the NG mode to 0.020 208Pb
obtain P and Q. n
T. Nakatsukasa, T. Inakura, and K. Yabana, Physical Review C 76, 024318 (2007). % 0.018
=
pl — pA _ bre = 0016
~ 1 2 A:index of QRPA mode S
Q* = Q* —a'N s 0014
QRPA commutation relations é 0.012
6.6]=|2.8| =0, [6.N]=i \
) ) 0.008{ | | | -_-‘I.“"‘
=Y. 0% . 0 10 20 30 40
a/l = Li Q; P i: vector index of P* a (= Aor/G)
b* = X P N; L 2
M(a) = min M (a) = min((BCS(a) ”& ,—iP"'L (a)” BCS(a) ))

This prescription does not change Thouless-Valatin P-Mol.

4 I
* We succeed in separating NG mode from all QRPA mode (NG mode mixing rate in the vibrational modes
become zero).
* NG-mode separation prescription generally amplifies the pair vibrational mass.
\ %
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Effect of residual interaction

— | 20Qemy LQRPA 0.0221 ™\
b 208py, = \ 208
'> n Pb G w/ residual — N Pb
o |/  Cranking "“Se= | 0.020° k
= = 3
— 3] 2 0.018
§ N\
s N S N S ——
;3 2] S R, Cranking
» 0.014 w/o residual
1] £
0.012
LQRPA
: 0 10 20 30 40 POt - - ‘ - W-/ residyal
a (= Aert/G) 0 10 . %(; Aeff/G’)3O 40
LQRPA: 7(a) = 23,7, N22(A + B) 7L —N20 ol , 5 152 2
. = unvv Vun upvviVyy LQRPA: M (@) = min M*(a) = min ((BCS(O() |[C¥ ’_iP (C()” BCS(CX)))
u,V 2 272 /3
I () = 4 KK . _ ZM(U[,L_V[J.) /Ep
(@) =42, E, Cranking: M (@) S (VR VY2, I
4 I
* The residual interaction affects the behavior of the pair vibrational mass, but it does not affect the behavior
of P-Mol.
\_ J
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Effect of residual interaction

Eég)ir(A) = E,(A) — E4(208) — 1,(208)(A — 208) Normalized pair transfer intensity o
—e— LQRPA n=0 (ground) -E- crankingn=1 -8- cranking n=2 . Difference:
301 -8B~ cranking n=0 (ground —8— LQRPA n=2 Experiment (n=0
T | | Q ! | | - LQRPA LQRPA-Cranking
251 ‘.
ol LaRPA 210pp — 208p, 0.9782 0.9762 +0.0020
20 Dashed: Cranking - . .
2 208pp — 206ph  1.00(10)  1.0000  1.0000 +0.0000
:3 101 206py 5 204p  1.71(17) 1.9393  1.9865 -0.0472
Ly
’| 204pp 5 202py 2.20(22) 2.8280  2.9558 -0.1278
o]
200 202 208 206 208 210 202pp - 200pp 3.6297 3.8673 -0.2376
Mass number A Clark and Macchiavelli, PRC 77, 057301 (2008)
A 2
(Ynla|Yyio) 1
ON4+2-N = " 2 a==Y (chel +euey)
<l/)206Pb|a|l/)208Pb> 2 ; weor
4 )

* We cannot see the effect of residual interaction in the pair excitation energy.
* The residual interaction suppresses the value of the normalized pair transfer intensity.

- J
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18
pair . .
We compare R, /, that is calculated with PCH and 16. /1A6
with the Skyrme HFB. e
141 Pure rotation (AN /2)2,+”
pair _ ~(0) (0) ’
RAN/Z o Epair (N)/Epair(z) 12]
(0) . & 107
Epoi(A) = Eq(A) — E¢(208) — 15(208)(A — 208) 3
5
PCH: E, and A, are calculated with the g.s. of PCH 6
: Ey and A, are calculated with HFB state xperiment
4_
Skyrme HFB 5] AN /2
* Sly4 1
* Pairing type: mixed, Vpair_n=290.0 MeV - fm3 0 2 4 6 8
(fits A in 188Pb) AN = |A — 208| (particle-number difference)
4 )

e Since PCH explains the experimental data better than the Skyrme HFB, we should take the pairing collective
motion into account.

- J
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Summary

Summary and future work

Summary

* We have constructed the pairing collective Hamiltonian microscopically using the constrained BCS +
local QRPA method.

* We have reproduced the experimental data of the pair transfer intensity.

* We cannot separate the rotational and vibrational mode at the QRPA level because the pair operator

a does not commute with the number operator [c“r, IV] * 0.

—>We adopt the NG-mode separation prescription.

The residual interaction suppresses the value of the normalized pair transfer intensity.

From the RE?; perspective, we should take pairing collective motion into account.

Future work

* We are now constructing the PCH based on the Skyrme DFT + FAM-QRPA calculation to analyze the
magicity in a wide region of the nuclear chart.
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Q&A

(1) order parameters: <P>, HEERZNUIRD KD ICENBNE (S(I<P+Pt>Zorderparameter EMFE A TEECIEE L
TCULERDO2TWLD

(2) collective variables: |<P>| &<P>DAED2AEFE, FKBIREEVZ DEEELCE < ECHICIFBEICIRNIRUL, |<P>| DK
T3 (EBESDY° D T TEHE<P+PH>E UTCEHEBDTTITHOD TETCTEHEEDDETEHELIW

(3) constraint operator: S(ETJL=— MRpp(hh)typeDUMKNEEF(CLIEM D TeDT<P+P>E UITEMTNIZENE
I QRPADIRZZF D TULVRL, 1TEFE(C(FASCCZ L TIE LU \constraint operatorZ3KkeD D NEZH IR b
ST, BB (CphBidD (NERIHERR) EEF TR TETRUVNMERR,

f&f@collective potential Dz (Hcritical XD ?

SRR EART U D ORBEERIZITANTEREZERERE U TLBDOTIIEIXTERL,

S Skyrme/R ET—HRINIABIMBE/EHZ AN TCEEREEES D EZHENDIE L TENRT D

LD Umass EmoiDIEERN S E Dcollective coordinate ([CXT T BV(q)HETETE T, EHMIC (I K Decritical [CTRD
CERNFEEINTLD



Pair transfer intensity

Clark and Macchiavelli, PRC 77, 057301 (2008)
R. A. Broglia, R. J. Liotta, B. S. Nilsson, and E. R. Flynn, Nucl. Phys. A343, 24 (1980)

ITERIE: 2°8Pb(p,t)2°6Pb, 296Pb(p,t)2°*Pb, 2°4Pb(p,t)2°2Pb & UL\ D ** (p, ) IS(2FMEF E W 077w T RIS ** Doy B Emis I E
ITEAE: 0=30°(differential cross sectiond E— 27 ABE)
W. A. Lanford and J. McGrory, Phys. Lett. 54B (1973) 238 h'\58/z57—%4

MW EFE do/dQ (mb/srEE4i)
208->206: 0.082 + 15%
206>204:0.14 £ 15%
204->202:0.18 £ 15%

Normalized pair transfer intensity = (do(6; A(p,t)(A-2))/dQ) / (do(6; 208—>206)/dQ)



results 10/15

Mixing between rotational mode and vibrational modes

w,% [MeV?]

Rotational mode component in the vibrational mode

. o 10
208 N P: 208
300 - Pb , COS QN — |Zl 1*1 | Pb
| (A+B)(A-B)Qy=w3°Q; 0.8 \[ZiNiz\/ZiPiz
Vibrational mode 0.6
' S

150 _ 9]

- S 04

/' Rotational mode /‘\/
= 0.0 | | |

—— —

0 o ° & T0 10 20 30 40
a a (= Aers/G)

In the case of the spatial rotation associated with axial deformation, although the SO(3) symmetry is broken, the SO(2)
symmetry remains. Consequently, the K quantum number is conserved, and the surface vibrational mode and the NG
(rotational) mode belong to different K values.

In the superfluid phase, U(1) symmetry is broken and there is no other remaining symmetry, so no qguantum number is
conserved, and the surface vibrational mode and the NG (pairing rotational) mode can mix.

~

J
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Types of pairing interaction

B 4 types of pairing interaction

SPINO rhitrgar Orbit L Isospin T
e ot 1S, Symmetric Antisymmetric (S=0) *2 Symmetric (T=1, isovector) Domir:jant in the
the two . . . tat
particles Antisymmetric ~ Ex.) S-wave (singlet:1) ( or n™n or pLn) | FUTE
3p, Antisymmetric Symmetric (S=1)® . Symmetric In neutron
Antisymmetric  Ex.) P-wave (triplet:3) ( or n™n’> or p-L.n*)  stars
38, Symmetric Symmetric @ or Antisymmetric (T=0, isoscalar)
Antisymmetric  Ex.) S-wave (triplet:3) (pLn1)
1P1 Antisymmetric Antisymmetric Antisymmetric
Antisymmetric  Ex.) P-wave (singlet:1) (pnT)

B Total orbital angular momentum

Symmetric: The relative orbital wave function of the two nucleons is symmetric under their exchange.
Particle 1

\/ Particle 2

—>Parity of the relative orbital angular momentum is even (s,d,g,... wave)

Antisymmetric: The relative orbital wave function of the two nucleons is antisymmetric under their exchange.

- Parity of the relative orbital angular momentum is odd (p,fh,... wave)
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Pair collective motion from theoretical perspective

Theoretical definition in this study

Pairing vibrational mode : The collective mode that has the largest overlap with the pair collective coordinate «

— By analogy with surface vibrations in ordinary space, this mode is defined only near the
potential minimum.

Pairing rotational mode : The collective mode that has the largest overlap with the particle number N

—>Pairing rotational mode as the NG mode is defined only at the potential minimum of the
superfluid phase

—As in the case of spatial rotation, the pairing Number gauge space
rotational energy appears in the laboratory frame.

/\ Potential energy

Pairing
vibratio

A

—

&/ Order parameter a

Pairing
rotation
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Pairing collective Hamiltonian

B To analyze various situations including the critical point, it is necessary to construct the pairing collective
Hamiltonian that can describe the pairing rotation and vibration together

—~ ~ ~ ~ N? 0 1 0
H=V(a) + Tror(a) + Tyip(a) = V(a) + 27(a)  da 2M(a) 0a

a: order parameter of the pairing phase transition

* Present approaches for pairing collective Hamiltonians rely on simple monopole pairing interactions, and
therefore can be applied only to a limited region in the nuclear chart.
(D. R. Bés, R. A. Broglia, R. P. J. Perazzo, and K. Kumar, Nucl. Phys. A, 143, 1-33 (1970))

* Bésetal. (1970) used cranking masses without the residual interaction, while Clark et al. (2008) used
constant masses.

Pairing collective Hamiltonian in D. R. Bés et al. (1970)

—~ 1 92 1( 1 07(a) 1 6]\/[(a)) n (V( )+ (N—Ng)? )

Heon = — 2 (a) da? T 4 \9()M(a) da M(a)2 Oda 27 ()

->we use dynamical collective masses obtained from QRPA calculations, which include the residual interaction
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Constrained BCS calculation

We performed the constrained BCS calculations to obtain the state including the neutron 150 pairing in Pb isotopes.

Original Hamiltonian
G
H = Z GM(CLCM + cgcﬁ) —3 Z( L Lcycy -+ CMCMCJr ch).
I

lw Pairing term [ : time-reversed orbit of u Model Space (Pb)
We constrain the Hamiltonian with the particle number N and the pairing order parameter a. i11/2
g9/2

U : time-reversed orbit of u

pl/2
Linear constraint  Augmented Lagrangian Method f53//22
(A. Staszczak et al. (2010)) P
Pair operator (a = (®)): & = 5 Z ‘LcJr + cpey) i13/2
h9/2
We solve the variational equation usmg the BCS wavefunctions. £7/2
(We solve the BCS gap equation for A including the a-constraint terms.)
1L
Aer = Gla) — g~ C({a) — avp)

Here, we determine the pairing strength G so as to reproduce the experimental pairing gap A of 188Pb.

Then we obtain the potential V(«). V(a) = (BCS(a)|ﬁ|BCS(a))



local QRPA calculation

QRPA : describes harmonic collective excitations around the potential minimum in terms of
the collective coordinate

—>This is valid when the potential is quadratic (small-amplitude dynamics)

Local QRPA : calculate the collective excitation in each collective coordinate
—>We can include the effects of the potential beyond quadratic order
(—>large-amplitude dynamics) "

Since the pairing potential is soft, we use the local QRPA. .
Phonon operator =

Il =) (X818 - Y;}6:8))

17 guasiparticle operator 0

We extract the residual part of the a constraint terms because it was neglected at the BCS level.
[H' + (& = ) + C (& — a)*)up, T] = T
From this equation, we obtain the A and B matrices, and then diagonalize the QRPA equation.
A B\ (X\ _ X
B A*)\y) ="\ v
(A+ B)(A— B)Qx = wiQ: —i(A+ B)P\ = w3Qa

We normalize the X, Y and P, Q vectors.

method

7/18

Collective coordinate




Local QRPA calculation method  7/12

Local QRPA : calculate the collective excitation in each collective coordinate using the
constrained mean-field (BCS) state.
(—>large-amplitude dynamics)

Since the pairing potential is soft, we use the local QRPA. 2 <

QRPA equation in each collective coordinate

(A4 B)(A— B)Qx = wiQ\ —i(A+ B)Py = wiQ) Collective coordinate
Thouless-Valatin pairing moment of inertia (P-MOI, 7(«))
Jrv(e) =2 ) N (@)(Ala) + B(a),p,-Noo(@)
p,v>0
Pairing vibration mass (M («))
M(a) = min M (a) = min(

-2
152
[ n ( )]| BCS(CZ))) Washiyama, Hinohara, and Nakatsukasa, PRC 103, 014306 (2021)

We insert V(a), 7(a), and M (a) of ?°8Pb into the PCH.
~ 1 92 1 ( 1 9(e) 1 9M(a) (N—Ng)?

27())

Hcoll - = -~

M (@) 0a2 2 \I(@M(a) da  M(@? o ) + (V(a) + AN — Np) +
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Thouless-Valatin moment of inertia (pairing version)

Jrv(a) =2 > N2 (@) (A(a) + B(a))jps Noo(e)

>0
Eigenvector of (A + B) matrix
(W ()| N2(a)) 2 (A+B) W) = M)
ij(Of) = 2 Z
. A, (@) (A+ B) = Z A W) (|

Eigenvalue of (4 + B) matrix

P-MOI: The sum of the overlap between all modes and N, weighted by their eigenvalues.
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Local QRPA calculation (Pairing vibration mass M («))

Collective mass : The coefficient of the kinetic term when the Hamiltonian is expressed in terms of the collective coordinate

1 L, 1 5
T==) q; =—E]\/[j(s)sj

2 L 2 L
v j \

Original coordinate of each nucleon Induced collective coordinate

We choose the pairing vibrational mode that has the strongest coupling to the pair field (most collective for a).

We take the smallest M'* («) (largest overlap with @ and P ) among all M* («) calculated from the eigenvectors P2,
Hinohara et al. PRC 82, 064313 (2010)

M (a) = min M*(a) = min ((BCS(CK) |[@ ;%13'1 (“)“ BCS(“)>)_2

Washiyama, Hinohara, and Nakatsukasa, PRC 103, 014306 (2021)
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Local QRPA calculation (Pairing vibration mass M («))

General way to change the kinetic energy with the collective coordinates g; to with the other collective variable s .

1 .1 o
T = Ez qi = Eszn(s)STn Sn
i mn

The collective mass M.,,,,,(s) is difined by this transformation of collective coordinates.
0q; (s) 0q; _\" 94: 9q;

(S —_
i 0s,, 7 70s, 4Luds, 0s,
ij {
These derivative is expressed by the P in the solution of local QRPA.

Mmn(s) =

ds d 1 o 5 _ .9
= S (ISl () = (6 || 5,7 Pi)]| 405D HE@ID@) = 157160
i i \S(q) Washiyama, Hinohara, and Nakatsukasa, PRC 103, 014306 (2021)
In the case of the pairing collective mode, the collective variable s is a. o = (a-i-a-l- n aa)/Z = Re(A) /G
da 1.
5o = 0@ ||a. 7P| o(@)
_ -2
Mipn(a) = 2222 = ((CBCS(a) ||@,+P(@)|| cBCS(@))) = 4

2
1,20 ,20%_1,20% zg))
(Zﬂ(ipuu“uu iPun Yup



Local QRPA calculation (Pairing vibration mass) e

QRPA mode excitation operator

0,1 = > (X, (mn) i BT =¥, (mn) B i }

We solved the QRPA equation in the P,Q expression.
P, =1 Mo —(0, -0, @y =————(0
V=T v v\/-_z( v — Yy ) v \/m\/z v

T+0,)
First, we solved this equation (diagonized this matrix) and obtain the vector Q.
(A+B)(A-B)Q =0,°Q B

Second, we obtain the vector P using this equation. =— QRPA equation in P,Q expression

—i(A+B)P =0,%Q

Finally we obtain the pairing vibration mass.
4

M, (a) = ]

2
(Z (_Pzgazg* _ lng*azg))
K\ [ upu=uu [ Up —“up Referenced to Washiyama, Hinohara, and Nakatsukasa, PRC 103, 014306 (2021)

X We take the smallest M, («) in all M, (a) which is calculated with all eigen vectors P,Q.
Referenced to Hinohara et al. PRC 82, 064313 (2010)
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Pairing Collective Hamiltonian

We insert V(a), 7(a), and M () of 2°8Pb into the PCH.

g 2
HCOH - 2]V[1(a) aaaz - i (J(a)]l\/[(a) 62(0?) N ]\/[(10c)2 a]‘gc(ta)) t (V(CZ) T }\(N NO) T (1\;7?’0)) )
coll(a: N)
Then we diagonalize the PCH.
Boundary conditions
Y(amin) = (DY (—amin) for 298Pb (the reference nucleus of the pairing collective motion)

l/) (amin) =0 for 200_206'210Pb (Vcoll — 00,a - O)

Normalization condition

/ T (@) (@) VI@M (@) = 1

min

Volume element



Pairing vibrational mode (smallest M (a) mode)

1036
1034
1032 4
1030
1028 4
1026 4
1024

M [MeV~1]

1064
1044
1024
1004
1024

f\_‘

==
P

s
b i Yl
[y

1022 4
1020 4
1018 <
1016 4
10% A 2 08 P b
1012 4

1010 4
10°

e adopted mass mode

A 4 "(\;/X,. LT WA QAT INVA vz
i A VA S VAR N8 L%:'»/"fx
: \f ,A\%’%A,’r A ‘; jﬁ’;{‘? M”;f«}fg«fw“v NN

Non-collective

Collective

M [MeV 1]

maﬁsll/lS

mode 9

208Pb

20
o (= Aer/G)

M(a) = min M (a) = min ((BCS(a)

|3 P (@)]| Bes(a) >)_2

-

.

 The QRPA modes are classified into collective modes (with respect to a) and non-collective modes.
 The mass mode (most collective mode for a) switches from mode 24 to mode 9.
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The superfluid case : °*Pb

W (A+B)(A—-B)Q, = w20, V(@) = (BCSz0apb ()| H|BCSz04p0 ()
S : : =
> Vibrational mode/,/" = g
E , 100 1 ‘f - =
NN 751 / . >§—460—
I | T T e
] — o —-"‘/ﬂ minimum
/otational mode
0 -#— 1'0 1'5 2‘0 2'5 3‘0 CIJ EI': 10 1‘5 20 25 30
a a = 7.449
Pure NG mode (w; = 0) “
a = 7.449
4 N
e The pure NG mode can be defined only at the potential minimum of superfluid nuclei, and we have reproduced it
numerically.
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The superfluid case : °*Pb

% o2 ///—\, ) asa
E .
N\ —-456 4
6 —
— >
(9]
§ ] . ! ] ! ] ! ! E —-458
~ Rotational mode component in the vibrational mode =
' TN+ Y ¢ 460
o8 cosﬂsw _ | Zl Nlpl | >m -
> N, = 2u,v; (N pair amp. ) COS GN —_
X+Y=Pvector(=ImP); vr2=Q=X-Y
% 06111 1= VZ()? (Euclidean norm) \/Z ; N 2 \/Z . P 2 —462 1
O 04 ..
o minimum
' ' a a = 7.449 a
Pure vibrational mode (cos 8 = 0)
a = 7.449
(- )

At the potential minimum of the superfluid nucleus 2°4Pb, we can separate the rotational (pure NG) mode and the
vibrational mode.
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X and Y components of vibrational mode

1=24 A=9 2f5/2
- - 0.4
0.4 4 ———— \
0.3 4 2 08 P b single-particle level 0.2 \ single-particle level
. L0 (E=-12.9, x4) - 12.9, x4
L1 (E=- ] L
om0 = 0 =
< =i =
2f7/2 L6 (E=-6.5, x5) -0.2 y
. L7 (E=- x6) |_W
0 — adopte n
-0.4
-0.1
0.4 1 0.4
0.3 1 0.2
~, . 02 0 —
>~)
01
-0.2
0 N
—0.4
-0.1
O\ 10 20 S 30 40 0 10 20 0 a0
Y a a
Adopted region

* The selected mass mode changes to a more collective mode at a~22.
* 1h9/2 is dominant in mode 24, and 3p1/2 (closest to the Fermi surface) is dominant in mode 9.




Wave functions of PCH

Ground state wavefunctions (raw, f|w|2\/ﬁda =1)

results 11/18

First-excited wavefunctions (raw, f|w|2v’fda =1)

208 —— 200Pb (N=36) —— 200Pb (N=36)
1.0 Pb —— 202Pb (N=38) 1.0 —— 202Pb (N=38)
210pp —— 204Pb (N=40) —— 204Pb (N=40)
206Pb (N=42) 206Pb (N=42)
0.8 208Pb (N=44) 208Pb (N=44)
204Pb —— 210Pb (N=46) 0.5 —— 210Pb (N=46)
S 0.6 )
S 3
0-4 0'0
N
0.0 — . . . . —0.5] | | | |
0 10 20 30 40 10 20 30 40
a (= AG) a (= A/G)
/

-

The wavefunction shifts outward as the nucleus moves away from 2°8Pb.

The ground-state wave functions have no node, and the first-excited-state wave functions have one node.
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Pairing collective excitation energy

Epair(A) = E(A) — E(208) — A(208) (A — 208) E;()';?r(A) =En(A) —Eo(208) — A5(208) (A —208)
1o A --#4- Pure rotational mode 30 A —e— E% (ground)
20] N -4 Pure vibrational mode e ED,
. A —8— Experiment 251 A
\\ f— oot E(Z)
> 100+ AN —8— PCH > pair
()] U 20{ =
E 80 Z .
E N g 15 e i A
Q 401 a
L L \‘\1\\ e
204 =y 2 phonon stéfé“‘*-*——"""
0 0.
190 195 200 205 210 215 200 202 204 206 208 210
Mass number A Mass number A

Epair ™ (4) = E,(A) — Eo(208) — 1,(208)(A — 208)
4 . . o )
* The PCH reproduces the experimental data of the pairing collective excitation energy Ep i,
« Both the experimental data and the PCH results show that the collective energy band around 2°8Pb lies between the
pure vibrational and pure rotational limits.
» There are two kinds of two-phonon states: the ground state of 2°*Pb and the pairing collective excited state that has
the lowest energy of 2°°Pb. They have almost the same Ej,j;. P
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Pair transfer intensity

: Critical Dynamical PCH
- (this work)

210pp, _ 208p}, 0.98
208pp — 206py  1,00(10) 1.00 1.00 1.00 1.00
206pp > 204pp  1.71(17) 2.00 1.53 1.41 1.93
204pp > 202pp  2.20(22) 3.00 1.88 1.72 2.80
202p} 3 200p}, 3.58

\ J
|
Solving the PCH analytically using constant
J and m for each pot(\ential

Exact diagonalization of the two-level model Hamiltonian
)

Y
Clark and Macchiavelli, PRC 77, 057301 (2008)

_ (YnlalPnsa) |

Normalized pair transfer intensity : Oy425N8 = ~ Z, G=g > (el + coe)
<l/)206Pb|a|l/)208Pb> o

* The PCH roughly reproduces the pair-transfer intensities around 2%8Pb.
 We can predict the value of pair transfer intensity in the region where no experimental data are available.

* The discrepancy from the experimental values may originate from the values of G and [c?, IV] + 0.
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m XJHEEEH

IS BF
0 JT)LZHIF)
B BB -
P ®F
(&5 chif 7 (T T)L=ZHIF)

(T (%) f iy BCTRENZHME
K DETE SFTEHE (BREHIREE)

n RO E TR T DYPEEIRR
RUw TS5 IHITRIS

|
I '
8 %o ®He
/
SnRFIXIR &E

4He 27N N=rVA N
(BEARDA D RSN T\ =HIEEIRC/ B FEF2 DD NNE ZREZNRDY

JRFZDER

Atomic number Z

€ Neutron drip line
2

2 8 20 28
Neutron number N

Kouno et al. Nature, 620, p.965-970 (2023)
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B BB CEE C DX EE/ERICER U YRR SR
Eo (Ng + AN) = Ey (Ng) + A4,(Ng)AN + Epir(No, AN)

EFCREE TR LA —

BIEBRDE D THET D
BEECYE))

}@1

Ex{Mev}

10

MIF 2T —> 22

8 Pb isotopes

202 204 206 208 210 212

A

Pairing collective excitation energy around 2°8Pb
A.O. Macchiavelli et al. (2000)

XHHREN T R)LF— . N = Ny + AN
ib
E‘r’);lr(No,AN) = > hw|N — Ny

JIT)L=ITxRILF—

A RF>SwILTRILE—

POIEILI

—

= mrE

DB D THRET D
(B ENHH)

ST

ﬂ@iiﬁ{
Epair(N) = -

=T
(D]
o
.Es
m -

l——OS l——10—.{1 1.3 !_- g
3

Bexp(N) + 8.58N + 45.3 [MeV] ]

/S
| o

I/

Pairing rotational band %00
i 2.47 :' J 4

\‘ ~

1.85 * / |
_;k,—k

006

=== maa il

62

64

Pairing collective excited energy around 11°Sn
Brink and Broglia, Nuclear Superfluidity (2010)

SEMET AR F— N = No+ AN
N — Np)

rot _ ( 0

E o (No, AN) =

5D
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A3\

e 2.0
. SEEIEH SEREBEADEERE O PRIAEE 15 "
o 208py (FEEEML THDICEENDSIRARLEICHDZEN S 1o
RIZZITUVD (Clark and Macchiavelli, PRC 77, 057301 (2008)) EO 1A = HH
« Clarketal. (2008)& CIIIRRMNCERFRmZZamL TN 0.5
MR RE S DR (IRITIR SN TLVRLY o
| 0.0 minimum
M BT 2= RF> 2w )L TRILE— it | ™
R .
H -
‘ § % L g =]
@R A
= L oo minima _~" o
T e S &
15
2 10 i,
= BiiEhig
0.5 minimum
é 0.0

F~—/)z R o

og 'G5 10 15 20O

o HEZEZ
Clark et al. PRL 96, 032501 (2006)
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B RSSO ERESORERZFETT DITH(C(E, M [ElEE & XRE) 2z [F]8F (50l C = DX 5]
J\Z)L 2772 DIERERNMARBIRTHD

H=V(a) + Trot(@) + Tyip(a) = V(a) +

N> 8 1 0
2](x) Oda 2m(a) da

« BRROMER/\ZIL S 2 (FS > TIVIEDBELOMBEVERZRAL). BRUMREIZER (CPRD TUL\D Tz,
EFRFR DR STZEE (C UMNERA TE RV EVWDEEN B D.

(D. R. Bés, R. A. Broglia, R. P. J. Perazzo, and K. Kumar, Nucl. Phys. A, 143, 1-33 (1970))

o FEITARZE(D. R. Bés et al. (1970) ) Cl&CrankinggEMIBHEZT(a) , m(a)ZRAWVTE D, REBEE/FEAEE

ey g E AV AN

WER\=)L b= (D. R. Bés et al. (1970))

51 az 1 1 9@ 1 dm(a) (N—Np)*
Hcoll — 2m(a) da? 4(:7(a)m(a) oa m(a)? Jda ) T (V(a) + 2] () )
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mAERIR

B BB R Mz S ToE R R (X L/‘Cﬁ%l}aﬂ%’%%ﬁﬁm‘cﬁﬂﬁ@“ét&p
(CIRFRZEZENREEICEDWEWER/\Z)L b 277 > Z 18
B 45 (T ERAHADEREFR M ZIRIE T D

A\

IREPS (... l

1S P HEFIIBREDAHZEZERE U IEIBESDMNERESE ERT > v ) LOKF

ZEUKTF %% Constrained BCS + local QRPA STEZFHUN TR,

CNSZHWEHER/\ZJ)L b 27> Z2208phifBEOICE U TH#HL C &
CEEFRR COMERE— R ZHRAND

N\

MEFN=ILEZT7>

5 _ 1 9% 1 1 97(@) 1 am(a) (N=Ng)*
Hcoll - 2m(a) da? (g(a)m(a) oa m(a)z ox ) + (V( )+ 27( ) )
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h4EF 15, X EEfatR e Bl a (CHAR Z WM FTeBCSE T E Z1TIA D I
B R EBCSETE < mFESaTHRENI TS

/\7 D> JIg
H = Z ey (a a,,, +al Lag) — — Z Z a 050y + aﬁapa,:[,a,};)
v>0 }L:>0 r>0

i uDF I EndfE
BCSIKRENRZ 7 FAU N CTH DEATHENMINCIRD KD (CEDETEZIT O I

}{, — }{ — )lﬁvr'+'(:k)(éi - (Z(i)z
LRERAAR R 2IRFRAAR R

P.Ring, P.Schuck, The Nuclear Many-Body Problem, Springer

EHETS ECRTFH N chpza L J W gy — (i U TR E NN T
RT I EE(L188pbDd/RT7 /Ozr—v‘yj’@aé,%ﬁ{ TfitLJZ G~0.16 MeV

=R > v)LHEV (o) 258D

Model space (Pb)

2()81)1)

i11/2
g9/2

pl/2

f5/2
p3/2

i13/2

h9/2
f7/2
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B Thouless-Valatin DX EIEREFEE—A> b 7(a) B XHRENREES m(a)
WS EMIEEAR(CH 1T DIEE T )L+ —IADRER

I, 1 L
T = Ez qi = 52 My (@) Uy, Ay
i mn
’—%*ﬁ?l*)l/:‘:_ EERT F 2 ZEFL RS 1 -2
N 2HERF /2 m(a) = ((CBCS(C{) [c’i ,—_P(a)” CBCS(a))>
BMJUJVI_/ — 4' H .

_ppvy X
AHER TN 7Y P,QRRDQRPASTE (CH T DEEFP

Jw =2y N2(A+B)1, N2
wv >0

AMTLW — (Eu + Eﬁ)5MV5ﬂ17 + Hﬁ%l/ﬂ

= " ZFTCTRDIZV (), 1(a), m(a)ZFAWTHER/\Z)L b =277 > =<

~ 1 02 1( 1 (@) 1 dm(a)

coll = 2om(a) da? 4 J(@)m(a) Oa m(a)?2 da

(N—Ny)?
27 () )

) aaa + (V(a) +



Q&A

- BESDY° D5 E(FAIHNED ?
EFO>TWB/I\ZILZTF 2 EMNRTEwILDKROF LR UBCS, T=TEmoi&massDKEDF5HBES (Lcranking/R D
(C3 UFAZQRPAZFHUNT LD, Residual interactionZZ B3N E DN DZE. Residual interaction(FANIMNS T &E
ETHDCENMoDIERENSENH D, WD FIEEBREFZRT B,

« Collective massh'1/MeVi@DIEIAE

12: 12: .
T == qdi = 5 an(S)Sm Sn
2 L 2

i mn

Rcthad 3 &

1
[energy] = [M][—]*
BAEIZRA = 1&£9 D &[energy] = [tirlne] KD
(] = [ : ] = [Mev]?
energy
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« 1&/INE U \massH¥pairing vibrational modeDmass T dp DIEHL(T: ?

M EE = ADHiggs modeDimX Cld. QRPAFIENZAZU N/ (ICRTE— RICH U CTpair-additional/removal reaction
OBBEHREZETRL. TNMBRETVE— RTETE 1B massZvibration mass& U CEA UL TULD,
S>DFEDI1FEFRITU I ULVE— RHvibrational mode ThHrD E L TLVD

SEZHERK[EIT DN, TIEIMMDARPAT— RIZEDKI SR ZER L TLBDON ? EEXBITURITLIELD
MHivibrational modeDERIBZDIZA DM ?

HEFIRE & AD2010F D

ASCC(Adiabatic-Self-consistent-Collective-Coordinate) (Joriginal IREHFRIZq 2 B3 [C KD TRO BDIEm, 1T
mass&EWDYNESZE A U CRIDOEQRERRIE(CRITLU. il (RBEFIRILFT—DEWN?) BED%Z
IKE&HDDHMCHFB+LQRPA, KD CTEFMIIRILF— (QRPADEEE) DDEHRE/NTIR2DDE— REIENX(ELZE
NS (IRGEVEFEREsZIED (ROEREDSEV) E— R THDIFRIAND D ?
EFATHRILF—DNETNE— RidmassB/N SV Smassh B/ NVRE— RZEED TS ?

ASCCC (FERIERqZ UT DEX /AN SLQRPASTEZITLU). HFBEENALZEICIRDEBRT 9D, itz
TRIDE— REFEEoverhpDORKEWE— RZZELTHE. BHEEHNINSVWPTHEEEREOSEWVE— RZH
W CmassZstE I D

- order parameterDEFN A M(EEDZHDDH ?
SBESDiAX (CgapDEEE A MBI ESHTE N THH>IERN T D



Q&A

- order parameterDEEN A M (I EDEHDDH ?
—>BESDi®
YIMKEITE = C (Forder parameter, PORAFHE (Lreal XD TREEH S MR (E0E L TLID,
DED CNIIpairingR DA EID D) Zrealdf & — B DK D (CETET D ELVDgauge fixz LTULND ?
ElZCNTIREDKS (CEERZEE X DDH ? Intrinsic systemDFEXEERZEE X NUIELVNDH ?



Q&A

m SRS
INOUDEFLDITET, FEeFTEHTHEBIELLIZED

B masslessE— RICEULT
massless (LRILF—HVSRVEELE—R) &> TLBDICREWEELTRILF—MHDDH
> B ENMBERFS (T4 D KB U (1) T FREDIEA (BCS/HFBIRRE R & — gL U CHE I RILF—HEH S73W)(C
KO THREITBANGE— RIFEHECIETIRILTF—D [(FEAE] LWSRRUVVERMEEEZE— RZHh 5% (Emassh'd
27? (ZBEZB=02EEETRILF—ZTFEE CERALED)
FEz(EImassless ERIZL CTODDIIMABEER(CHITDT —MER (exp(iNd)NMTDIRIE) (CBWLWTIRILF—0
TENBEEDTVNWBDTHDTC. ENZEREZRTRIES (DEDHRFEZRO TCEEZ(CIRD D) BlEn T
IWF—NRZXBENDTETE?
NG/RY B EDYT)ILUTEBEZIF DI EFRVLDOH
> EBREMEERE RN\ FREZO O—/)ULUQ)MIRETH D, CNIEBAIREZ RIS —ZH/IRETE
IRWNESD. NGIRY T — 5D D E1xD T —IENBEZ 6D b v I ABE(TRE/RVOD TR ?
SVEDRIFE 55— ] ERIEVWDSR—=TEF XA TIE? o o
O FBUREER FEHCRBE D B2 5?  ESAnIS CPIR AL D
B ThoulessValatinDEMHE—X> MIE SO TRkOSNTZDH
> FIRFROBHEE—A> MIBRERER ETEREIME R LD ZHREE X SNBEFDI_rigid & B E)
4V ds DIRFIERIRRE T DI _iirrotationalB’dpD. TS5 > F >N (EH =H-wixE U TROIZEEREEHN BB SND
<Ux>Z AW I=<Ix>/w TKRSOBSNDEDTH D, rigid&irdFfEZ5 XD, Cranking
BHEE—X> RTHBERIZU > TEANIRVDN Inglis, ANTzMDhH'BelyaevTHD. =5ICHIF-ZFMEEREXERD
ANTHREIGEIEGmH SR ZBEDH Thouless-ValatinDIEMHEE— A > .



Supplement: A-A-u plane (

results 15/18

25 1105n
< BCS solution Experimental va
Q
s O
~ — QRPA
—
 _op| == QRPA(H??,H**=0)
bﬁ —-— Belyaev

=== Belyaev_update
~50— . - - -
3 4l 5 6 7

A/G

Belyaev :

lue

CBCS + LQRPA Jpv =2 ) N2Y(A+B),4,:Non

wv >0

CBCS + LQRPA

(sz’ﬁ40 —0) ¢ assuming H%?, H*® = 0in A,B
ON(AA u,V
CBCS + Belyaev 7Belyaev(N) ( 42 | Ap = =4) —*
(Partial derivative) u>0 U
CBCS + Belyaev_update
(Total derivative)
dAN(AAu) AN  NOA AN du
jBelyaev_update(N) = d1 =1 " 3A91 +6—uﬁ

Residual interaction

We must follow the
differential path across the

Differential path entire A-A- plane.
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Supplement: A-A-p plane (

25 110Gy CBCS + LQRPA Jpv =2 ) N2Y(A+B),4,:Non
g BCS solution ' pv>0
% Experimental value CBCS + LQRPA |
s 0 (sz’ﬁ40 —0) % assuming H%2,H*® = 0in A,B
—~ m— QRPA aN(A/l ) U,V
— CBCS + Belyaev  J (N) = Bl =4y &
— 22 1440 _ Bel A
b} _25 QRPA(H, H*O = 0) (Partial derivative) Yy H u>0 U
—-— Belyaev
CBCS + Belyaev_update
0 — Belyaev_update (Total derivative)
-5 - ' - - - AN(A,u) _ON | ON A | ON|du
3 4 5 6 7 jBelyaev_update(N) = d1 Y + A O +_ dor
A/G Residual mteraction
[- Igelyaev update Should match the LQRPA solution, but due to the problem of my code, it does not match. ]
hy N(A A1)
The difference between the results of Thouless- k=t

Valatin and Belyaev arises from the fact that
they follow different differential paths.
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BCSIRRE : HIF & — D ZEECHEWTHEDAMZES, XS TR FEIREBOERENDE TRIR=NT
WBTzs. RIFEEEFOEBIRE TR, BCSITUESNIZ/\Z)L h 277 2 (FIRFEEE T 3]

Lix<i8d,
scsEEa: . |BCS) = | [(Uy + Vialal)|0)
ety 14 TR FAURIE D
BREHhE
SEERZ R COMEESR (CE5 U\ THFRE AN S DEE T B RIER0 = ¢ RRER )
EEr STl (MAREEROSE & 3) DBCSIRAE : sy [0 vday ] 6 =50

. v>0 ¢ Z
g(d)) BCS) = Uy + Vye_wala}; 0 = _i%‘l’ The nuclear state of |}, —_—
‘ > :Vl:](;( ) I > G@)=e before rotation tl: }:E;%

« ¢ [[W, +V,alal)|0)

v>0

C ODIRRE(FTTCDBCSIRRE & (FRIRDIARE(ICIR D> TH D, AU (1) TFRENBEFEM(C .\‘coobeﬂ\s
E}ﬂﬂtb\gé;i%o ? : :'
NIFAIU(1) XTI : HBEFHFRPRRE (ST U ThitBe® T THIRENARZE / ‘

ThHhdDME., (WHBe®DESFEESERINKDIISE. G(®)[BCS) = [[(Us + Vie~*alal) |0)

AT T EIES BIEOBI AR L. U(UBEEIFEN S, ) e

v>0



KIFEIU(1) X FRIEDIRN

Appendix p)

RFET — 22/ BEREETHG = eNV/2P TR D ZEM.

BCSITAN : RT7UTI\Z)L D27 > DRI FRRN CTDITINERZ Hyo, H11DFHEU.  HyoLARE(F0 & I DAL,

MOEGH B Z /8T &M
vV #E5EERl x,y,z€GICITU. x*x(yx2z) = (x*xy) x 2D DII D,
v BIfii;t  x*xe=exx =xZM/c e € GIMFETD(x €G)
v 7T Xxy=y*x=e®iBlzTy € GHFET B(x € G)o
v B[iIE xxy=yxx=eZTim/cIx,y € GHFEIT D,

KO X TmIC I BHI T —NILBFEF(END

KEREXR
Z, o,
Bcs) = [[ W, + Vialal)|0) G(dp) =e '

v>0 ¢ Z
The nuclear state of tl: —
before rotation S E

/ ‘ Gauge space

G(@) [BCS) = [[ (. + Vie **afal)|0)

v>0

£ c[JW, + V,alal)|0)

v>0
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FIZ(EBEFRU)XTENR DD WD,

= WML WTRT 22w )LA, (S U TS —2FEM A, - A, — 0,x

(x(x, OER IS —BI) %iT> TERE CHBI L. FERER
Z, x
BRI T B — DAL N2 D F AR B T & 72 Bos) = [[ +Veala) o) | @ =e7'2?

12D THIE BRI LRV eV /20 B EFR S B B 1RIE (3RS — S2i 0

The nuclear state of {, ¢ tl: E"Z‘Z
T(I7RUN?? before rotation ~ : MR

IR FET — 2R &SN ?

N .
9@’&\0 After rotation

e
‘(,o‘{‘b .
o
G(@) [BCS) = [[ (. + Vie **afal)|0)

+ CH U, + V,atal)|0)

v>0
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Ey(N) = Ey(Ny) + (N Ny) + > N2
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273

aEO
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« RPUTFv v T (iERE) » BHFEEE (EHE)
« ENENICZERRTEENDD
R7ZIVOFvvT (IBiHE) BEEEZE, OES (EERE)
A = G Z Qy UUVU

AP(N) = %[E(N + 1) —2E(N) + E(N — 1)].

RFZYUTF vy T EOESHMEE I B EENNTLVDERER(F{AIH ?

RPID#EZEZRS (CBROBEZTEIT DL, BEREFERTRENRIRILF—ZEERSURLHN
RPZIDDIEZ)\Z)L b= (EINT D EBEROREIRILF—HIRFEN IR RS,
ZOBEK E OB EROERTRILF—E(FEBOERE CORF Y > ITFX v TIROT. CNHOESICHE
HBUTWBEEDTULWESRD, EVLVWDEZXR A, (FAE?BCSTH?
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ao =22 ; ( )=§[E(N+1)—E(N)—E(N)+E(N—1)]= Sl ; —
422{3‘& X38,45, 5. AR TEL D 2N EFAD (V) DFER &> T LD IEHER
SRAT (BFREIRIEBZIBDIE) OESERIDIZL

TRILF—DWDZEITOEWEWNWDTEFAR— 3> TlER<,
VY ODFER (-T2 XDEE) EFERD
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REFRDILWEEFHZ T8 TS DIEREEZ AV CHBROREIREDTEORF (HALEICETRE L TS

v BT
v Time-oddBE R  HEIZIHBROAR T+ ILTF CIERENB0H. HUREIHMEDORIVZBNEEY 3

etc....

STDERDIPAPREZS < & HFIRILF—DIERGEDBEDR S IBVWEDICIRD>TUED
M. Zalewski, J. Dobaczewski,W. Satuta, and T. R. Werner, Phys.Rev. C 77, 024316 (2008).
M. Kortelainen, J. Dobaczewski, K.Mizuyama, and J. Toivanen, Phys. Rev. C 77, 064307 (2008).

>ZDXDIREPAREN FTERR(CED L DR E TS X DDNRANDIUEND D

Schuck et al. PRC 81,02436, (2010)



2N EEEGE (HEHFB method) s 4

ZREONEENE « 2R D/\Z)L 277> ZmMFEEOREEE U TR E R,
Hartree-Fock(HF)i% : 2R DIKREIREEZSlateri TN TH D EIREL . SRHE/ERZ1RBEE/ER(C
1T B C & TEARDSchrodinger 12T Z 14AMDSchrodinger 512D (TR & WADIESE,
Hartree-Fock-Bogoliubov(HFB)J% : BogoliubovZIR(C KD TEMF EUVD EWVWVDBEZZED ANTEHREEDILRIE M.
XHHREZ SO IFIGZIBETE D,

KR FRIBHDEF CIIBEMNBEECEEHEHFBEJFERERZE U THERASNTLDS



HFB method method 14

© v BEE/EROTESE (Skyrme, Gogny, Fayans)
v NAERZRDORKRENEEE Z Slater{ THIN TN L. CNZBL T DR TFREFESZREH I DIEE (GAFIRE T, FEAE
v 1”5 U5T5IW(U,V) (BogoliubovZ M Z 1175 DFIEAE

ZRDD
o Ut vt a
(@) = (e o) ()
W
@ NIAZR D ENEIE = R TR CDSlater{THI T DHBIRREE U TIRET B
| PuFB) = H ;o7 |0)
@ HFBIAREZ U\ CTHIFEE EWZEEITIIZRESD ., HIRT 2 wILERTRT 2w ZETE8 T B,

HFE-  Tyjlp] = Z%kﬂpm pij = (PuFB| a,}ai |PuFB)
Kl
1
Pair- Ajjlk] = izvijklﬂkl kij = (Pure| ajai | Purs)
Kl

~ Y (1 v, (pq (r))”) pr)  KEDRTRT S v UiEskyme BB &SN T
o 00 HB9. BROETILNHDD,

Pairing Density Vol@RTZ U TDEEHZRT IS A—4,

strength  dependence: V/,=0 : volume Vi ERT DRFDDMDERZRT .
(Fitted to the OES data)

V1=0.5 : mixed

V=1 :surface
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HFB method (Density Functional Theory)

@ HF-+pair-\Z)L b Z77 > %38 2L DICW(UV)ZKED D
(N b)) ()2 ()
B @TRDIEWUNWZAAWTOICED@FETLKDIRT, §E = 0[CIRBDFETCOsOZFEDIRT (EDETH) .

P H|® .
< &FB’ ’<I)| HF)B> (Pure| N |PurB) =n
HFB]ZHEDB s

0E[p, k| =
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Skyrme-Hartree Fock Bogoliubov method

Skyrme-Hartree Fock Bogoliubov 5T& XskyrmetB EERRD/ (S A -5 Dtzw MMI(&
/ I 1 % < DFEFEN S B(2,300F8%8H)
POLISHERWE SHRBEUKEC  ERFOEA Sty > —X
EHEEEROEE NI 3ER SKM*
SAMi
Skyrmef8 BERT SGlI etc.
= zt +z D13 o
< 1<j<k
<, IR

2 ~
viy) = to(1+ x0B,)8(ry — 13)
B, : RE>ZANBX D EET

1 - ~
+§t1(5(r1 — rz)kz + k,26(r1 — rz))

COL>>h : BUAEICFEET D2RF(ICDOHFITHVE <

+t2k\2 * 5(1"1 — rz)l; + iWO(O-l + 0'2) . :I/(\’X(Y(rl — rz)ie

~ 1 ~ 1
G k=z(v1_vz) ’ k’=—z(v1—vz)



HERRIBIEE—X > FOBIE T a1 e

251 - .
61 —A— pairing model —A— pairing model ,. .\\ | A pairing model
—— Skyrme(mix) Ni | —#— Skyrme(mix) N PN 25| = Skyrme (mix) Pb %
20 { "] —_ -#-- Skyrme (vol)
S -4~ Skyrme(vol) < --®- Skyrme(vol) < 20/ i
V4l O EXP ) i) © EXP A
= = 15 = 15 a\
~ ~ —~
» 51 5 Q
25 30 35 40 45 50 60 70 80 90 700 110 120 130
N N N
NN ~ 7 = 116 68nj; 188 . . “ o - e s o
>'</>7 J \/0“02%};(;" Sn, ®°Ni, ***Pb® % Skyrme Hartree-Fock-Bogoliubov : L2 =71 DskyrmetH E/FR & R ZZE B E0E
RF7V D3 v T THit e o etal
v {FEHUEO— R :HFBTHO v2.00d M. V. Stoitsov etal.
1 4 Computer Physics Communications 184 (2013) 1592-1604
j(N) © 9%2E  Eq(N-2)-2Eo(N)+Eo(N+2) v HBERDINSA—-5Ftwv |k : SLy4d
2 S .
oN v R77YUZZOFEFT)IL : mixed type, volume type

- MJEERIEEE— A MIFPEFEIST UTRFINCEINT D
» XPERREIEE— A > MIBHARFRICHS WTHENESIAD




results 12

N-MOI affected by the intruder orbit

Why is the slope of N-MOI in Pb shallower than those in Ni and Sn?

30 Eég .‘ 14 | T | | | |
25 S J - 12 _
> o | HEBluol o * =10 The trend of N-MOl is
§ 5 L I affected by the energy of
S 10 2 6 an intruder orbit
= | .8 ., <>The experimental

9 = 5 trend of N-MOl tells us

8080 100 KIO 120130 140 0 the energy ordering of the

80 85 90 95 100105110 15120125 i i
MOI(N) = = 4 / ! intruder orbit

2H ~ Ey(N—2)—2Eo(N)+Eq(N+2)
dN2
before after
Ni s Pb
d3/2 p1/2

f5/2
9/2 h11/2
Intruder orbit 89/ P3/2 fsgz
01/2 1/2 113/2 i
f5/2
27/2 h9/2 ho/2

/2 ds/2 f7/2 — f7/2
*’3



results 17

Pairing model with simplified single-particle levels

Why does MOI increase with N and change the trend of pairing MOI?
—> We adopt the schematic 30 single-particle levels

10 I [ [ [
BCS e30 omega=5 G=0.3 —S—
— 8 .
- 2
3 =
s =
< 5 4 + J
3 = ,| - a
2 | 808,20 omega-5 603 —o— G (pairing strength) = const (for N) 30 |evels
0 | | | | |
0 50 100 150 200 250 300 0 50 100 150 200 250 300
N N
1 4
MOI(N) = 92H ~— Ey(N—2)—2Eo(N)+Eq(N+2)
ON2
> Eewel enely il dhie) MOl becomes constant for € =2
e Equal degeneracy (Q=5) 1MeVL _

* G(pairing strength)=const (for N) neutron number N
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Pairing model with simplified single-particle levels

14 T
1 4

1o | MOI(N) = =
= < ) O%H  Eo(N~2)~2Eo(N)+Eo(N+2) _
% 10 .
S 8 -
— 6 ]
% 4 ;ézigé;;,!' _ _

5 lg® BigG (——) Small G |

BCS e30 omeqa:S G=0.3 —©—
O | | |
50 100 150 200 250 300 350
N — 30 levels

e Equal space (1MeV)
 Equal degeneracy (Q=5) I
* G(pairing strength)=G(N0) X (NO/N) neutron number N!

MOI increases with

Q=5
1MeV[L _




Pairing model with simplified single-particle levels

MOI [1/MeV]

9.9 [ ""

5
45

. ider Narrower

C———
levels levels
BCS e30 omega=5 G=0.3 —&—
35 | | | |
50 100 150 200 250 300
N

Level density becomes bigger
with N

Equal degeneracy (Q=5)
G(pairing strength)=const (for N)

—

350

MOI(N) =

1 4

dN2

MOI increases with
neutron number N!

92H ~ Eqg(N-2)—2Eo(N)+Eo(N+2)

0.1MeV e

0.3MeV

results 17

— 30
levels
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Pairing model with simplified single-particle levels

5'2 . | " BCS €30 omega=5 G=0.3 g MOI(N) = ale _ 4
_ 20MeV gap 20MeV gap o Eo(N—-2)—2Eq(N)+Ey(N+2)
% 4.5 —
= 4
= 35
g 3

2.5 ZOMeV[ N=250

2 | | | | |
50 100 150 200 250 300 350
N — 30

levels

* Equal space (1MeV) .
* Equal degeneracy (Q=5) — The dip of MOl appears 20MeV [ N=150
* G(pairing strength)=const (for N) at N=150&250

+ make shell gap above N=150&250

1MeV
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Pairing model with simplified single-particle levels

25 I I I [ I
Widel'  qu—) Narrower .:':::‘ 0.1MeV e
20 [ Jevels levels /
S’ 15 L 20MeVgap | :
% 20MeV gap l & 0.2MeV :
E. 5 || 0.3MeV N=100 ] 20MeV
C_) s I
(J _
= 0 ]
O
-5 2 BigG (n———) <ol G
_1 0 | | ] | ]
0 50 100 150 200 250 300 30
N —
1 4 levels

MOI(N) = 02H ~ Ey(N=2)~2Eo(N)+Eo(N+2)
ON

* Level density becomes higher
with N (position of the intruder orbit)
* Equal degeneracy (Q=5)
* G(pairing strength)=G(NO) X (NO/N)
+ create shell gaps above N=100 & 200 Q=5 —

- Roughly reproduce
the isotopic trend of pairing MOI
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results 18

Pair amplitude dependence of pair MOI

We calculated the pair amplitude dependence of the pair MOI with Skyrme HFB (SLy4) “pair density norm (order parameter)”
Pair density :

p(r) = Z(_ZS) {Cr_sCrs)

Integrated using the Gaussian quadratures
(same as integrating the particle density)

Mixed pairing Volume pairing Surface pairing
16 T T T T T N=52 —— 50
I ] Nm oo \ \ \ N2 —i— 30 \ \ \ \ \ Nes2 ——
14 \ (@)Sn HFB(mix) 4 = 45 (©)Sn Skyrme(vol) | Aai Sn Skyrme(sur) N
S 12+ g |40 12 =] e
=13 1ol vz s I N | &
Q|2 IS s0r 147 |s | SR
BN - N |
cl|lo 0 a i 1 5 10 - ]
VI|S 4r % 15 i S
o | 10 . 5| i
O 2 5| i
0 | | | | | | | | O 0
5 10 15 20 25 30 35 40 45 50 0 70 5 10 15 20 25 30 35 40 45 50 The results are
pair density norm pair density norm
almost the same
6.5 T A ‘ ‘ ‘ ‘ ‘ Nes6 6.5 T \ \ \ N=56 ——
6 % (b)Sn HFB(mix) | ¥ © 6 @Sn Skyrme(vol) | ¥ | oL e e | B as that of the
— ; 55 ey i -y : — 6 //X(X r o« .
[7p] -~ ~ N . .
5|2 45l ] = - = 1 Hamiltonian,
— : p— b |
|0 | | @) | = 0
215 4 = ] = ' independent of
— 35 . ] iy ..
O 3 2]L ! ! ! ! ! ! ! ! ! the palrlng type
5 10 15 20 25 30 35 40 45 50 55 0 10 20 30 40 50 60 70 0 5 10 15 20 25 30 35 40 45 50
pair density norm pair density norm pair density norm
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Pair amplitude dependence of pair MO

We calculated the pair amplitude dependence of the pair MOI with Skyrme HFB (SLy4) “pair density norm (order parameter)”

35 — T NeG0GmiR) —— Pair density :
30 | Open shell 110sp | & A(r) = 3 (~25){cr_scra)
% 25 | VOl - v Less than 5 % differences between Integrated usir81g the Gaussian quadratures
S 20| 1 the pair amplitude of the pairing (same as integrating the particle density)
=5t 1 rotational moments of inertia
% 10 + - obtained from experimental data
5 L s = IO - using three types of pairing in the
S open-shell nuclei.
10 15 20 25 30 35 40 45 50 55 60
pair density norm
“of R
. 85 F -
> 8 . v" In the closed-shell nuclei, for example,
= 7'? i 118Sn, there are two solutions with each We should not fit the
- 651 " ! pairing type coefficient of the pairing
% 55 2 : v In_ 120Sn, there are no solutions term in nuclear EDF with
ol ] with any type of pairing closed-shell nuclei,
4 oy

0 10 20 30 40 50 60 70 especially with SLy4
pair density norm interaction.



Qualitative proof of the pair amplitude dependence dscusion 3

We want to prove...

dJ : . :
-2 < 0 in open-shell nuclei 0]

g ON - 0J 0’ N i Particle number E Pee Fermi energy
_ — —_—— = I A+A o < 24
O\ OA ~ ONOA ' N\, A) = / 20(c)g(e — A, A)de | ‘ ’
I A=A I
99 BN A 9296, A) : !
— - —/ 2p(€ + N) g~(€, )d€ | g(€,A) = ! (1 - ‘ i
OA  ONOA A oL JA ! 2 Veéer+ AZ) L.
1 A/A | _ 942 i Occupation probability (BCS approx.) E d5/2 g7/2 s1/2 h11/2 d3/2
- 2p(A\ + 2A)— x5/2 de, o TTTTTTTTTTTTTTTTTTTTTTTT
28 J_p/a (2 +1) @& o\ +2A) = p(A) +2Ap'(N)
n 52 approx.
B 2p(N) /' g 1— 22 <0
A Vo (22 +1)5/2

= I(n) >0 (always positive)
C. Ruike, K. Wen, N. Hinohara, T. Nakatsukasa, arXiv:2405.04809.
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Qualitative proof of the pair amplitude dependence

6] = > 11??@2 i 1
— 14 116gn 7
2 127 Closed-shell - -
We want to prove... S 0y Al g .
= — — <
dj . . ) dA y dA
— > 0 in closed-shell nuclei (for small 4) =
dA Same as
A 8 open-shell nuclei
closed-shell nuclei: p(e€) = 0 consider p(e) > 0 even around the fermi energy
ON 0 AtA . P(e) Fermi energy
J= BN = IN [/A A 2p(€)g(e — A\, A)de Occupation probability (BCS approx.) “/b: 27
M 1 é %5
_ 5 _ EA)==(1-—
f)‘_{_e 2p(€)g(e — A\, A)de - g ) 5 ( /—?,2—|—A2>
07 1 [ /A/A 1 — 222
— =— — 20(A + xA) dx !
OA 2A | J_ 2 41)5/2 €
A/A —— @ +1) d5/2 g7/2 s1/2 h11/2 d3/2
€/2 2
1—-2 0.4 ‘
— / 2p(A + 2A)— x5/2 dz B _ 0.35
—8e/2A (2% +1) & [\ +2A)=p(N) +2AF (N 0.3 In)
0.25
2p(N) A de dpprox. £ o2
= I(=)-1(=— =
A { (A x| >0 015
0.05
<0 (A> de) %0 2 4 6 8 10



discussion 10

Qualitative proof of the pair amplitude dependence

6] = 1??%2 i 1
— 14 116gn 7
We want to prove... B Closedshell 1 =~
— —>0 —<0
dJ . . dA” ", dA
— > 0 in closed-shell nuclei (for small A) 2
dA Same as
8 open-shell nuclei
AIG
closed-shell nuclei: p(€) = 0 consider p(e) > 0 even around the fermi energy
ON 0 At+A 5 Pe) Fermi energy
J= BN = I\ [/ 2p(€)g(e — A\, A)de Occupation probability (BCS approx.) 4 ) 2N
AA AL 1 € . \ % A
_ Y _ EA)==1(1-—
f/\_i_e 25(e)g(e — A, A)de| 4m g(é,A) 5 ( m)
o ! [/A/AQ”(A+ AL,
— T e P X X >
0A 2A 2 4+ 1)5/2 €
_A/A (2 +1) ds/2 g7/2 s1/2 h11/2 d3/2
de/2A 1 — 222 ‘ -
_/ 25\ + 0A) g da -
—5e/2A (2% +1) &= Qualitative proof of the order parameter dependence
25(\) A Se approx. — of the pairing MOI can be constructed using the BCS
= — IN~)-I{5x)|| >0 L
A A 2A approximation in both open-shell and closed-shell

Ol | | | -r\l
<0 (A> de) 0 2 4 6 8 10
n
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60 o v v
- 120 —4 1% J=> —— |1+ ( )
g Sn g Sn ; A A
=, 401 = .
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201 21 JIIEIRIE— TIISIRILFE—
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4 _ . e )
JT)L=TR)F+—(CexHBiaL)
1R F AL OERE T — A
> MCEAROFSZ UL TLD
\ J




Pairing MOI: depends on pair amplitude Discussion 19

B Qualitative proof of the order parameter dependence using the cranking formula

40 T T T T T T Cranking MOI:  Assuming the axisymmetrically deformed nucleus as the rigid body,
- BCS . we rotate and get the inertial mass around the symmetry axis.
35 Cranking —4—
% 30 Open-shell z (H — hwg) |®) = E'|®)
S 25 We get the angular momentum as a perturbative expansion
= 20
C_) 15
X
= 10r | (vir| N |BCS) |2 AUV
— _\"2avihe
5 | jcrank - 22 E}j + E[ - Z EL . (1)
0 >0 >0
w
4 y
A4A
A/G Open-shell oo = / Ap(©) gle — A\ A)[L — g(e — A, A)]de
6 T T T T | | | A=A \/(e,, —A)? 4 A2 > >
BCS —4— A/A U |74
L i _ =2p(\) —— 2
_ 5 Cranklng —h— ,0( )\/m ( )
> Closed-shell
2 |
< i Werank _ 2p(A) AJA _ 2p(N)
. 3 9A A (Ajariipr - a LWA)<O 3)
O 2 .
= 1
The continuous limit of cranking pair-MOI matches that of BCS pair-MOlI,
0

especially in the range of large pair-condensation (small shell effect).



Comparison with the spatial rotation TR e

B The order parameter dependence of the pairing MOl is different from that of the spatial one.

spatial rotation pairing rotation 1 (] Ouo |B) 3
: - A<r2> 20
Order parameter B —larger A /G—larger B is defined ) T
} ) by the ph operator — | rYon | )e! e
Moment of inertia larger smaller Q20 ; (1| rYa0 |7)|c;c)
Spacing of band narrower wider

A/G is defined

: N+4 by the pp(hh) operator i .
jj:‘z‘ N+2 Z C;cp = Z (1| T'|j)|cic;
J N i ij
intrinsic state J mixed N separated (NG mode)
[Bace) = 3 1) spatial H' =V -XYQ'Q-GP'P—wJ, G~0
H|J}:EJ\J)
Ey=E =Ey=-=E;_,=E ’ o . ; :
H1®u) =3 CoH |7 = 3 1B, 1) Pairing H =V -XQ'Q-GP'P—-AN x~0

=nEY Cy|J) = nE|®q)
J

The reason why the property of the MOI differs
Spatial MOl Pairing MOI between spatial rotation and pair rotation is the

f Gl difference in the operators that make up the
Difficult to rotate Easy to rotate?? interaction and order parameters.



Comparison with the spatial rotation TR e

spatial rotation pairing rotation There are two types of “stable”
Order parameter B —larger A /G—larger v" Small quantum fluctuation
Moment of inertia larger smaller v" Small ground-state energy
Spacing of band narrower wider

The state that has smaller energy selected

. N+4
J+4
JIZ N+2
J N
intrinsic state J mixed N separated (NG mode)

|®aes) = 3 Cy|J)
J

H|J)=E|J) .
Ey=F=FEy=-=E;j_,=F ??
H|®aer) =Y C,H|J) =Y CiE;|])
J J

= nE Z Cr|J) = nE |®ge)
J

That’s why the pair rotational mode appears even
it has a large quantum fluctuation



Comparison with the spatial rotation TR e

'_H/\ : il v \ N = . '_._l,u\ E/\ \ Uk 1
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ﬁ dependence of MOI in spatial deformation

<J> is fixed,
and w&p are lead self-consistently

< H—wJ >=0
@ To do this calculation, we use Nilsson code from Nakatsukasa-san

@ In this Nilsson code, we solve this Hamiltonian

h? M
H=——A+—[@3 (@ +y*) +@22°] —Cl-5s — D(I*— < I* >) — hawJ,
2M 2
wzzw(l—gﬁ)
@L:@(“rl@)

3

3 But we cannot fix <J>, we set B&w to reproduce a specific value of <J> (=14)

@ we set various B and calculate MOI of spatial rotation

results 26

1 _0’E _dw _ o(D-0(-2) , o(14)-w(12) e
71 = T > (= > ) With fixed B
MOl of Angular Ny, =2-—8
Orbitals have same parity can correlate each other

spatial rotation momentum
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ﬁ dependence of MOI in spatial deformation

04 500

=32 _Mi 17 -Ni 14
0.35 o Cranked-Nilsson 2/0yrpy 450 — Cranked-Nisson iroyrpy
0.3 =308 400 =
’ * s A=0.04 350 A=0.04
0.25 1=14 . 0
3 02 _>< * = 300
= X X & & LI = 250
oL ¥ =12 % x 2 200
0.1 & X S
1 ¥ y oy 710
0.05 % Y 100
0 a 4 A 4 A 4 4 4 a 50 -
0 0.2 0.4 0.6 0.8 1 0
B 0 0.2 0.4 0.6 0.8 1
Fig. 5: B dependence of angular velocity w {left) ’
and P dependence of spatial MOI {right) (A~0 [MeV])
180 « Band crossing? 70
160 Irrotational->rigid? 70Yb}00
140 Experimental MOI: [~70 1/MeV
/ 170 Yb p =0.322
70 100 A= 0.922 MeV

A=0.9227 [MeV]

Spatial MOI
= =
[ M
= o

80
60 / —/ The MOI in spatial rotation roughly increases
zz with (8, different from pair rotation.

0 0.2 0.4 0.6 0.8 1 1.2



Deformation in Sn isotopes

results 28

H. Nakada et al. Phys. Rev. C, 108, 054308, (2023)

“106-110Gn are soft against the quadrupole deformation” g
Calculated by HFB+QRPA (interaction type: M3Y-P6) %:
% 0r Exgerirtr)\elnt —8—\
A. P. Zuker et al. Phys. Rev. C, 103, 024322, (2021) 100 ‘ .., bpsu3 W,
102 106 110 114 118 122 126 130
A

“N<64 Sn isotopes have weak permanent quadrupole deformation”

FIG. 1. The experimental B(E2 : 2} — 0F) for the Sn isotopes
from compilations [1], compared with some arbitrary parabolic shape

Ca ICU Ia ted b Y pseu d 0-SU3  and pseudo-SU3 results to be explained here (squares).

A.P. Zuker et al. Phys. Rev. .C,
103, 024322, (2021)

So, we calculate deformed Sn isotopes
We used HFB code Version : HFBTHO v2.00d
Interaction type : SLy4

Pairing type : mixed

We set the quadrupole moment Q=-3[b] - +3[b] (B~ -0.2-0.2)

[b] = [100fm?]

E + 16(N-58) [MeV]
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916+

-918

104Sn

1088n

N

w
F 1128n
w

(

T16g,

400 200 0 _ 200 400
2
q, [fm~]

FIG. 5. Potential energy curves for '%-''%Sn obtained from the
axial CHFB calculations with M3Y-P6.

H. Nakada et al. Phys. Rev. C,
108, 054308, (2023)



Deformation in Sn isotopes
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-908.4 T 10850 —@— -962.5
‘ /7 T T —o—
_ . | We set the quadrupole moment Q=-3[b] - +3[b ~ -0.2-0.2
908.6 k 108Sn 063 I 114Sn q P Q=-3[b] [b] (B )
— -908.8 | | 1 —
> HFBTHO 3 -9635 | 5t 2
2 99 |\ Sly4 mixed = el Q= - <rt>f
W —gpg2 |- ¢ w
-909.4 - \\ ~964.5 I \!/./«**
-909.6 ! e @ @+ ! ! -965 L — = ‘ ‘ ‘
~0.2-0.15-0.4-0.05 o 0.050.1 0.15 0.2 ~0.20.15-0.40.05 0 0.05 0.1 0.15 0.2
B
—927.2 1108n —@— _9795 116Sn —@—
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S 0278 . S 9805
(0] (0]
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w —928.2 B W —9815
-928.4 .
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8o | B R Sn have weak quadrupole
-0.20.15-0.+0.05 0 0.050.1 0.150.2 -0.2-0.15-0.+0.05 0 0.05 0 101502 .
B 8 deformation
~945 ) n-e -9955 ‘ S
-9455 |- -996 -
1 - — —
S o 9965 (Average B=-0.1, Q=-3[b])
2 § -997
L ~946.5 = -9975
047 -998
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_9475 | | | | | | | ‘ ‘ ‘ ‘
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Deformation in Sn isotopes

So we fix the quadrupole moment Q=-3[b] (B~ -0.1)

20 | T

The deformed (f=-0.1) calculation is more

18 HFB spherlcal)
e - fitted to experimental MOl in 1°87116Sn region
HFBTHO
12 + SLy4 mixed
:

L © | We can find ...

MOI [1/MeV]

ON PO O®

50 55 60 65 70 75 80 85 90
N

MOI(N) =—— = 4 The first half of Sn isotopes is weakly
azH " Eg(N=2)-2Eo(N)+Eo(N+2)

INZ deformed by calculating MOI from the ground
state energy

Pairing term in Skyrme HFB

. oA .
hy(r, 0, 0’):V0<1 — Vl(—) )pq
Lo

Pairing strength (neutron, VO) : -267.9 MeV



N dependence of MOI with shell-model calculation

results 31

We did the shell-model calculation
to compare with the mean-field calculation

We use KSHELL code
N. Shimizu et al. Computer Physics Communications 244 (2019) 372—-384

H = Z(—:Za a; —|—ZVZJMaTa,Ta5ak

2 17kl
Ex) 104Sn
d3/2
h11/2
+ + s1/2
neutron . g7/2
“— d5/2

|(I)> — U1|m1> + U2|m2> + U3|m3> 4+ .-

From solving this eigenvalue equation, we obtain the energy of nuclei E

H|®) = E|2)

We use simple pairing interaction

Z V”{m?ln ' ajﬁana’ﬁ m, 1 : time reversal
mn
V=0 = —G(N)V(2jm + 1)(2jn + 1)

Jm : total angular momentum
G(N)=G(66) X(N/66)

Same as the BCS setting!
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N dependence of MOI with shell-model calculation

Sn BCS * The pair MOI with Shell-model
s calculation fits well to the experimental
value after N=64
e |n 196=114Gh region, Shell-model
calculation does not match to the
experimental value

43/2 ‘

A h11/2
s1/2

o~
Shell-model

MOI [MeV]

50 55 60 65 N 70 75 80 85

MOI(N) =—L — 4 - g7/2 We may need to break
(N) = 92H — Eo(N-2)-2Ey(N)+Eo(N+2) 00— ds/2 the core of 1OOSrl

dN?
® and allow to excite from

% Total energy of shell-model calculation E(N) is only 1-2MeV less than that of BCS under N=507?




Supplement : Back-bending

160} 14 s-band 1

140 [~ 5

27/ h? [MeV~']
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(0]
o

g-band

00 o0f4 008 012 0.16
(hw)? [MeV7]

(@)

Back-bending

=1 "o A 1 Back-bending:
5| 1 MOl suddenly increases at angular momentum
B0 E 164 £ 1=14,16 with respect to angular velocity w
Qe o "s-band |
oBal / | because
+ . .
el y Rotation alignment
<k [ Band-crossing :
.% o g-band -4 Rotational energy jump from g-band to
L s-band

1 | | | | |

Whether there is a similar phenomenon in

0 4 8 12 16 20 24 28
888 [ (h) pairing rotation? (N-MOI)

(b) "
Sn, Projected —>%—
,Exp @

Angular momentum [ B
Takada,lkeda [RF A& 1& 5

t
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w > (& [} ~ [ © o
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    𝐏 𝐛     𝟐 𝟎 𝟖


  V  ( 𝛼 )


  V  ( 𝛼 ) =  ⟨  BCS ( 𝛼 )  |   H ^ |   BCS  ( 𝛼 ) ⟩


  𝛼


  A


  B


  X


  Y


  P , Q


  𝓘 ( 𝜶 )


  𝓜  ( 𝜶 )


  ℳ  ( 𝛼 ) =  


   ℳ 𝜆  ( 𝛼 ) = min    (   ⟨  BCS ( 𝛼 )  |   [   𝛼 ^   ,    1 i    P ^ 𝜆   ( 𝛼 ) ] |   BCS  ( 𝛼 ) ⟩ )  − 2


     H ^  coll = −  1  2 𝓜 ( 𝛼 )


     𝜕 2  𝜕  𝛼 2 −  1 4  (   1  𝓘  ( 𝛼 ) 𝓜  ( 𝛼 )   𝜕 𝓘  ( 𝛼 )  𝜕 𝛼 −  1    𝓜  ( 𝛼 ) 2   𝜕 𝓜  ( 𝛼 )  𝜕 𝛼 )  𝜕  𝜕 𝛼 + ( V  ( 𝛼 ) + λ  (  N −  N 0 ) +     ( N −  N 0 ) 2  2 𝓘 ( 𝛼 ) )


  V  ( 𝛼 ) ,


  𝓘  ( 𝛼 ) ,  


  𝓜  ( 𝛼 )


    Pb     208


  𝓘 ( 𝜶 )


   (  A + B )


   (  A + B )


  k


   𝜆 k


   𝜆 k


   𝜆 k


  𝓜  ( 𝜶 )


  T =  1 2  ∑ i       q i . 2 =  1 2  ∑ j   ℳ j ( s )        s j . 2


  ℳ  ( 𝛼 ) =  


   ℳ 𝜆  ( 𝛼 ) = min    (   ⟨  BCS ( 𝛼 )  |   [   𝛼 ^   ,    1 i    P ^ 𝜆   ( 𝛼 ) ] |   BCS  ( 𝛼 ) ⟩ )  − 2


   ℳ 𝜆    ( 𝛼 )


   𝛼 ^  


     P ^  


   ℳ 𝜆    ( 𝛼 )


     P 𝜆


  𝛼


  𝓜  ( 𝜶 )


  T =  1 2  ∑ i     q i . =  1 2  ∑  m n   ℳ  m n ( s )    s m .    s n .


   q i


   s  


   ℳ  m n  ( s )


   ℳ  m n ( s ) ≡  ∑  i j      𝜕  q i  𝜕  s m ℳ  i j  ( s )   𝜕  q j  𝜕  s n =  ∑ i      𝜕  q i  𝜕  s m     𝜕  q i  𝜕  s n


   P ^


    𝜕  s m  𝜕  q i =  𝜕  𝜕  q i  ⟨  𝜙 ( s )  |     s m ^ |   𝜙  ( s ) ⟩ =  ⟨  𝜙 ( s )  |   [     s m ^   ,    1 i    P i ^ ( s ) ] |   𝜙  ( s ) ⟩


    s    


  𝛼


    𝜕 𝛼  𝜕  q   =  ⟨  𝜙 ( 𝛼 )  |   [   𝛼 ^   ,    1 i    P   ^ ( 𝛼 ) ] |   𝜙  ( 𝛼 ) ⟩


   ℳ  m n  ( 𝛼 ) =   𝜕 q  𝜕  𝛼     𝜕 q  𝜕  𝛼   =    (   ⟨  CBCS ( 𝛼 )  |   [   𝛼 ^   ,    1 i    P   ^ ( 𝛼 ) ] |   CBCS  ( 𝛼 ) ⟩ )  − 2


   4     (   ∑ 𝜇   (     1 i P  𝜇  𝜇 -  20  𝛼  𝜇  𝜇 -  20 ∗ −  1 i  P  𝜇  𝜇 -  20 ∗  𝛼  𝜇  𝜇 -  20 ) ) 2


  𝛼 =  ⟨   a †  a † + a a ⟩ / 2 = Re  ( ∆ ) / G


   P ^  ( q )   | 𝜙 ( q ) ⟩ = i  𝜕  𝜕  q     | 𝜙 ( q ) ⟩


  s ( q )


     P 𝜈 ^ =  1 i    M 𝜈  Ω 𝜈  1   2  (   Ο 𝜈 −    Ο 𝜈 † )


     Q 𝜈 ^ =  1     M 𝜈  Ω 𝜈  1   2  (     Ο 𝜈 † +    Ο 𝜈   )


  𝑸


     (  A + B )  (  A − B ) 𝑸 =    Ω 𝜈 2 𝑸                            


  𝑷


    − i  (  A + B ) 𝑷 =    Ω 𝜈 2 𝑸                            


   ℳ 𝜈  ( 𝛼 ) =  4     (   ∑ 𝜇   (     1 i P  𝜇  𝜇 -  20  𝛼  𝜇  𝜇 -  20 ∗ −  1 i  P  𝜇  𝜇 -  20 ∗  𝛼  𝜇  𝜇 -  20 ) ) 2


   ℳ 𝜈  ( 𝛼 )


   ℳ 𝜈  ( 𝛼 )  


     Ο 𝜈 † =  ∑  m n   {   X 𝜈  (  m n )    𝛽 m †    𝛽 n †   − Y 𝜈  (  m n )    𝛽 n      𝛽 m   }


     H ^  coll = −  1  2 ℳ ( 𝛼 )


     𝜕 2  𝜕  𝛼 2 −  1 4  (   1  ℐ  ( 𝛼 ) ℳ  ( 𝛼 )   𝜕 ℐ  ( 𝛼 )  𝜕 𝛼 −  1    ℳ  ( 𝛼 ) 2   𝜕 ℳ  ( 𝛼 )  𝜕 𝛼 )  𝜕  𝜕 𝛼 + ( V  ( 𝛼 ) + λ  (  N −  N 0 ) +     ( N −  N 0 ) 2  2 ℐ ( 𝛼 ) )


  V  ( 𝛼 ) ,


  ℐ  ( 𝛼 ) ,  


  ℳ  ( 𝛼 )


    Pb     208


   V  coll  (  𝛼 , N )


  𝜓  (   𝛼  min ) =    (  − 1 ) N 𝜓  (    − 𝛼  min )


    Pb     208


  𝜓    (   𝛼  min ) = 0


    Pb     200 − 206 , 210


   V  coll → ∞ ,   𝛼 → 0


  𝓜 ( 𝜶 )


  𝛼


  𝛼


    𝐏 𝐛     𝟐 𝟎 𝟖


    𝐏 𝐛     𝟐 𝟎 𝟖


  ℳ    [    MeV  − 1 ]


  ℳ    [    MeV  − 1 ]


  ℳ  ( 𝛼 ) =  


   ℳ 𝜆  ( 𝛼 ) = min    (   ⟨  BCS ( 𝛼 )  |   [   𝛼 ^   ,    1 i    P ^ 𝜆   ( 𝛼 ) ] |   BCS  ( 𝛼 ) ⟩ )  − 2


    𝐏 𝐛     𝟐 𝟎 𝟒


     𝜔 𝜆 2


    MeV 2


  𝛼


    𝐏 𝐛     𝟐 𝟎 𝟒


  𝛼


    𝐏 𝐛     𝟐 𝟎 𝟒


  (  𝜔 𝜆 = 0 )


  𝛼 = 7 . 449


  𝛼 = 7 . 449


     (  A + B )  (  A − B )  𝑸 𝝀 =    𝜔 𝜆 2  𝑸 𝝀    


  V  ( 𝛼 ) =  ⟨    BCS  204 Pb ( 𝛼 )  |   H ^ |     BCS  204 Pb  ( 𝛼 ) ⟩


    Pb     204


  𝛼


    𝐏 𝐛     𝟐 𝟎 𝟒


  𝛼


    𝐏 𝐛     𝟐 𝟎 𝟒


    ( cos ⁡   𝜃 N = 0


  𝛼 = 7 . 449


  𝛼 = 7 . 449


  ℳ  ( 𝛼 )  


    MeV  − 1


    cos ⁡   𝜃 N


    cos ⁡   𝜃 N =   |  ∑ i   N i  P i |     ∑ i     N i 2    ∑ i     P i 2  


    𝐏 𝐛     𝟐 𝟎 𝟒


  𝛼 ~ 22 .


   X i 𝜆


   Y i 𝜆


  𝜆 = 24


  𝜆 = 9


  𝛼


  𝛼


    𝐏 𝐛     𝟐 𝟎 𝟖


    𝐏 𝐛     𝟐 𝟎 𝟖


    𝐏 𝐛     𝟐 𝟎 𝟖 .


    𝐏 𝐛     𝟐 𝟎 𝟖


    𝐏 𝐛     𝟐 𝟏 𝟎


    𝐏 𝐛     𝟐 𝟎 𝟔


    𝐏 𝐛     𝟐 𝟎 𝟒


    𝐏 𝐛     𝟐 𝟎 𝟐


    𝐏 𝐛     𝟐 𝟎 𝟎


   E  pair


    Pb     208


    Pb     204


    Pb     208


   E  pair


       (  N −  N 0 ) 2 3


  N −  N 0


     E  pair  ( n )  ( A ) =  E n  ( A ) −  E 0  (  208 ) −  𝜆 0 ( 208 ) ( A − 208 )


    Pb     208 .


  G


   [   𝛼 ^ ,  N ^ ] ≠ 0


    Pb     2 10


    Pb     20 8


    Pb     208


    Pb     20 6


    Pb     20 6


    Pb     20 4


    Pb     20 4


    Pb     20 2


    Pb     20 2


    Pb     20 0


   𝜎  N + 2 → N =      ⟨   𝜓 N |   𝛼 ^ |   𝜓  N + 2 ⟩ 2     ⟨   𝜓    Pb     20 6 |   𝛼 ^ |   𝜓    Pb     208 ⟩ 2


  𝓘


  𝒎


     𝑺 𝟎    𝟏


    He    6


    He    4


   E 0    (   N 0 + ∆ N )   =   E 0  (   N 0 ) +  𝜆 n  (   N 0 ) ∆ N +  E  pair (  N 0 , ∆ N )


   E  pair [ MeV ]


  N


   E  pair  ( N ) = −  B  exp  ( N ) + 8 . 58 N + 45 . 3   [ MeV ]


    Pb     208


    Sn     116


     E    pair  rot (  N 0 , ∆ N ) =     ( N −  N 0 ) 2  2 ℐ


     E    pair  vib (  N 0 , ∆ N ) =  1 2   ℏ 𝜔   |   N − N 0 |  


  N =  N 0 + ∆ N


  N =  N 0 + ∆ N


  𝛼


    Pb     208  


   H ^ =  V ^  ( 𝛼 ) +    T ^  rot  ( 𝛼 ) +    T ^  vib  ( 𝛼 ) = V  ( 𝛼 ) +      N ^ 2  2 ℐ ( 𝛼 ) −    𝜕      𝜕 𝛼    1  2 m ( 𝛼 )


     𝜕      𝜕 𝛼  


   e ´


   e ´


  ℐ ( 𝛼 )


  m ( 𝛼 )


     H ^  coll = −  1  2 m ( 𝛼 )


     𝜕 2  𝜕  𝛼 2 −  1 4  (   1  ℐ ( 𝛼 ) m ( 𝛼 )   𝜕 ℐ ( 𝛼 )  𝜕 𝛼 −  1    m ( 𝛼 ) 2   𝜕 m ( 𝛼 )  𝜕 𝛼 )  𝜕  𝜕 𝛼 + ( V  ( 𝛼 ) +     ( N −  N 0 ) 2  2 ℐ ( 𝛼 ) )


   e ´


     S    1 0


    Pb     208


     H ^  coll = −  1  2 m ( 𝛼 )


     𝜕 2  𝜕  𝛼 2 −  1 4  (   1  ℐ ( 𝛼 ) m ( 𝛼 )   𝜕 ℐ ( 𝛼 )  𝜕 𝛼 −  1    m ( 𝛼 ) 2   𝜕 m ( 𝛼 )  𝜕 𝛼 )  𝜕  𝜕 𝛼 + ( V  ( 𝛼 ) +     ( N −  N 0 ) 2  2 ℐ ( 𝛼 ) )


    Pb     188


  G ~ 0 . 16


  𝜶


   𝜇 -


  𝜇


  H ′ の 期 待 値 が


   ⟨ N ⟩


     ⟨   a †  a † + a a ⟩ 2 =    | Δ | G =  ⟨   𝛼 ^ ⟩ = 𝛼


     S    1 0


  𝛼


   H ′ = H − 𝜆  N ^ +  C 0   (  𝛼 ^ −  𝛼 0 ) 2


  V  ( 𝛼 )


    𝐏 𝐛     𝟐 𝟎 𝟖


  T =  1 2  ∑ i     q i . =  1 2  ∑  m n   m  m n ( 𝛼 )    𝛼 m .    𝛼 n .


   m    ( 𝛼 ) =    (   ⟨  CBCS ( 𝛼 )  |   [   𝛼 ^   ,    1 i    P   ^ ( 𝛼 ) ] |   CBCS  ( 𝛼 ) ⟩ )  − 2


  𝒎 ( 𝜶 )


  𝓘 ( 𝜶 )


  TV


  𝜇 ,   𝜈 > 0


     H ^  coll = −  1  2 m ( 𝛼 )


     𝜕 2  𝜕  𝛼 2 −  1 4  (   1  ℐ ( 𝛼 ) m ( 𝛼 )   𝜕 ℐ ( 𝛼 )  𝜕 𝛼 −  1    m ( 𝛼 ) 2   𝜕 m ( 𝛼 )  𝜕 𝛼 )  𝜕  𝜕 𝛼 + ( V  ( 𝛼 ) +     ( N −  N 0 ) 2  2 ℐ ( 𝛼 ) )


  V  ( 𝛼 ) , ℐ  ( 𝛼 ) , m ( 𝛼 )


   P ^


  T =  1 2  ∑ i     q i . =  1 2  ∑  m n   ℳ  m n ( s )    s m .    s n .


   [  energy ] =  [ M ]   [  1  time ] 2


  ℏ = 1


   [  energy ] =   [  1  time ]  


   [ M ] =    [   1  energy ] =   [ MeV ]  − 1  


   ℐ  Belyaev ( N )


  =   𝜕 N ( ∆ , 𝜆 , 𝜇 )  𝜕 𝜆 |     ∆ , 𝜇 = 4  ∑ 𝜇     U 𝜇  V 𝜇   E 𝜇


   H  22 ,  H  40 = 0


   H  22 ,  H  40 = 0


  𝜇 ,   𝜈 > 0


  𝜇 > 0


   ℐ  Belyaev _ update  ( N ) =   d N ( ∆ , 𝜆 , 𝜇 )  d 𝜆 =


    𝜕 N  𝜕 𝜆 +   𝜕 N  𝜕 ∆   𝜕 ∆  𝜕 𝜆


  +   𝜕 N  𝜕 𝜇   𝜕 𝜇  𝜕 𝜆


    Sn     110


  𝜇 =  𝜇 0


  ∆ =  ∆ 0


  N ( ∆ , 𝜆 , 𝜇 )


  N ( ∆ , 𝜆 , 𝜇 )


   ℐ  Belyaev ( N )


  =   𝜕 N ( ∆ , 𝜆 , 𝜇 )  𝜕 𝜆 |     ∆ , 𝜇 = 4  ∑ 𝜇     U 𝜇  V 𝜇   E 𝜇


   H  22 ,  H  40 = 0


   H  22 ,  H  40 = 0


  𝜇 ,   𝜈 > 0


  𝜇 > 0


   ℐ  Belyaev _ update  ( N ) =   d N ( ∆ , 𝜆 , 𝜇 )  d 𝜆 =


    𝜕 N  𝜕 𝜆 +   𝜕 N  𝜕 ∆   𝜕 ∆  𝜕 𝜆


  +   𝜕 N  𝜕 𝜇   𝜕 𝜇  𝜕 𝜆


    Sn     110


   ℐ  Belyaev _ update


  𝒢  ( ϕ ) =  e  − i    𝒩 2   𝜙


  𝜃 = 𝜙


   e  i 𝜃


   e  i 𝜃


  𝒢  ( ϕ ) =  e  − i    𝒩 2   𝜙


  𝒢  ( ϕ ) =  e  − i    𝒩 2   𝜙


  𝒢 =  e  i N / 2 𝜙


   H  00 ,


   H  11


   H  20


  x , y , z ∈ G


  x ∗  (  y ∗ z ) =  (  x ∗ y ) ∗ z


  x ∗ e = e ∗ x = x


  e ∈ G


  x ∈ G


  x ∗ y = y ∗ x = e


  y ∈ G


  x ∈ G


  x ∗ y = y ∗ x = e


  x , y ∈ G


  𝒢  ( ϕ ) =  e  − i    𝒩 2   𝜙


  𝒢 =  e  i N / 2 𝜙


  𝜙


   e  i N / 2 𝜙 ( x , t )


   A 𝜇


   A 𝜇 →  A 𝜇 −  𝜕 𝜇 𝜒


  𝜒 ( x , t )


   e  i N / 2 𝜙 ( x , t )


   e  i N / 2 𝜙


   [  𝜑 , L ] = i


  𝜙


  N で


   [  𝜙 , N ] = i


  q


  p


   [  q , p ] = i


  ℏ = 1


  𝜑 と 角 運 動 量 演 算 子 L


  q , p


  𝜑


  L


  m


     𝜕 2 H  𝜕  p 2 =  1 m


     𝜕 2 H  𝜕  L 2 =


   1 I


     𝜕 2 H  𝜕  N 2 =


   1 ℐ


  𝜙 と 粒 子 数 演 算 子 N


  q , p


  𝜙


  N


     𝜕 2 H  𝜕  L 2 =


   1 I


     𝜕 2 H  𝜕  N 2 =


   1 ℐ


  H


   E 0


  N


   E 0  ( N ) =  E 0  (   N 0 ) +   𝜕  E 0  𝜕 N ( N −


   N 0 )


  +  1 2    𝜕 2  E 0  𝜕  N 2   ( N −    N 0 ) 2


  =  E 0  (   N 0 ) +   𝜕  E 0  𝜕 N ( N −


   N 0 )


  +     ( 𝑵 −    𝑵 𝟎 ) 𝟐  𝟐 𝓘


  ≠


   ∆   ( 1 ) ( N ) = E  ( N ) − E ( N − 1 )


   ∆   ( 3 ) ( N ) =   ∆  (  N + 1 ) − ∆ ( N ) 2 =  1 2  [  E  (  N + 1 ) − E  ( N ) − E  ( N ) + E ( N − 1 ) ] =   E  (  N + 1 ) − 2 E  ( N ) + E ( N − 1 ) 2


    𝜕  E  t o t  𝜕  f i =  𝜀 i


   ∆   ( 1 ) ( N )


   o ¨


   o ¨


   V 1


   V 1


   V 1


   V 0


   V 1


  𝛿 E = 0


  H =  ∑ i   t i +  ∑  i < j   v  i j  ( 2 ) +  ∑  i < j < k   v  i j k  ( 3 )


   v  12  ( 2 ) =  t 0 ( 1 +  x 0    P ^ 𝜎 ) 𝛿 (  𝒓 𝟏 −  𝒓 𝟐 )


  +    1 2 t 1 ( 𝛿  (   𝒓 𝟏 −  𝒓 𝟐 )    k ^ 2 +     k ′ ^ 2 𝛿  (   𝒓 𝟏 −  𝒓 𝟐 ) )


  +  t 2    k ^ 2 ・ 𝛿  (   𝒓 𝟏 −  𝒓 𝟐 )    k ^   + i  W 0  (   𝝈 𝟏 +  𝝈 𝟐 ) ∙   k ′ ^ × 𝛿  (   𝒓 𝟏 −  𝒓 𝟐 )    k ^  


   k ^ =  1  2 i  (   ∇ 1 −  ∇ 2 )


    k ′ ^ = −  1  2 i  (   ∇ 1 −  ∇ 2 )


     P ^ 𝜎


  ℐ ( N ) =


   1     𝜕 2 E  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  ※ ペ ア リ ン グ の 強 度 は   Sn     116 ,   Ni     68   ,   Pb     188


  MOI ( N ) =


   1     𝜕 2 H  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  MOI ( N ) =


   1     𝜕 2 H  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  MOI ( N ) =


   1     𝜕 2 H  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  MOI ( N ) =


   1     𝜕 2 H  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  MOI ( N ) =


   1     𝜕 2 H  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  MOI  ( N ) =


   1     𝜕 2 H  𝜕  N 2 =  4   E 0  (  N − 2 ) − 2  E 0  ( N ) +  E 0 ( N + 2 )


  ℐ


   ℐ 𝜈


    Sn     110


    Sn     118


   𝜌  ( 𝜖 )


  𝜖


  2 Λ


    𝒅 𝓘  𝒅 ∆ < 𝟎


  𝝆  ( 𝝐 ) > 𝟎


  ≡


    𝒅 𝓘  𝒅 ∆ > 𝟎


  𝝆  ( 𝝐 ) = 𝟎


   𝝆 ~  ( 𝝐 ) > 𝟎


    𝒅 𝓘  𝒅 ∆ > 𝟎


    𝒅 𝓘  𝒅 ∆ < 𝟎


   𝜌  ( 𝜖 )


  𝜖


  𝛿 𝜖


  2 Λ


     ~


     ~


     ~


     ~


     ~


     ~


     ~


     ~


    𝒅 𝓘  𝒅 ∆ > 𝟎


  𝝆  ( 𝝐 ) = 𝟎


   𝝆 ~  ( 𝝐 ) > 𝟎


    𝒅 𝓘  𝒅 ∆ > 𝟎


    𝒅 𝓘  𝒅 ∆ < 𝟎


   𝜌  ( 𝜖 )


  𝜖


  𝛿 𝜖


  2 Λ


     ~


     ~


     ~


     ~


     ~


     ~


     ~


     ~


  𝜖


    Sn     114


    Sn     114


    Sn     114


  𝜈


    Sn     120


  𝜈


   ℐ 𝜈


    Sn     120


    Sn     120


   ℐ  


   ℐ  


   U 2


   V 2


   1  A<  r 2 >


  𝜒
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