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Introduction
A. Barresi et al., Phys. Rev. Lett. 130, 043001, 2023

P. Magierski et al., Phys. Rev. C 105, 064602, 2022

Mean-Field theories (MF) → particle
interacts with average field from other
particles
Dissipative processes are understimated

⇓
Thermalization times are overstimated
and collective modes are stable
Fluctuations acts as two-body
correlations, extending MF theories
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Stochastic Methods
S. Ayik, Phys. Letters B 658, 174-179, 2008

A. Bulgac et al. Phys. Rev. C 100, 014615, 2019

Stochastic initial ensemble

ρ(n) = ρ(n) + δρ(n)

evolved trough deterministic evolution:

iℏ
∂

∂t
ρ(n)(t) = [h(ρ(n)), ρ(n)(t)]

Add fluctuating term in the time-evolution equation

iℏϕ̇k(r, t) = h[n]ϕk(r, t)︸ ︷︷ ︸
mean field

+ ℏγ[n]ṅ(r, t)ϕk(r, t)︸ ︷︷ ︸
friction term

− 1

2

[
u(r, t) · p̂+ p̂ · u(r, t)

]
ϕk(r, t) + u0(r, t)ϕk(r, t)︸ ︷︷ ︸

stochastic terms
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Methodology

J.E. Alba-Arroyo et al., Phys. Rev. C 113, 065805, 2026

We are solving the Time-Dependent Bogoliubov-de Gennes equations which have the
form:

iℏ
∂

∂t

(
un(r, t)
vn(r, t)

)
=

(
h(r, t)− µ ∆(r, t)
∆(r, t)∗ −h∗(r, t) + µ

)(
un(r, t)
vn(r, t)

)
We add the stochastic noise in the particle-particle channel, together with the quantum
cooling, which will neutralize the heating effect of the stochastic term:

∆ = ∆MF +∆S +∆cool

where ∆MF is the mean-field contribution
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Noise Description

E[∆0(r, t)] = 0,

E[∆0(r, t)∆
∗
0(r

′, t′)] = D∆ Cr(r − r′)Ct(t− t′)

∆S(r, t) = ∆0(r, t)− i
Im

∫
ddr′ χ∗(r′, t)∆0(r

′, t)∫
ddr′ |χ(r′, t)|2

χ(r, t)

⇓
dN

dt
∼ Im

(
Tr(∆∗

Sχ)
)
= 0.
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Quantum Cooling

J.E. Alba-Arroyo et al., Phys. Rev. C 113, 065805, 2026

∆cool = −β sin[θB − θχ] ∆MF,

β: controls the strength of the cooling

⇓

Ė < 0, Ṅ = 0

keeping an unitary time evolution
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W-SLDA Toolkit https://wslda.fizyka.pw.edu.pl/
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System Setup

1D lattice with Nx = 200 with total
particle number Na = Nb = 21
∆(T=0)

ϵF
= 0.35

The system is excited by a potential of
the form:

Vext(x) = A sin(qx)

7 initial state with increasing initial
energies are evolved
For all initial states 20 trajectories are
made
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U(1) Simmetry Breaking
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Energy Conservation
E =

∫
Edr =

∫
(α↑

τ↑
2

+ α↓
τ↓
2

+ gν+ν)dr

where E is the total energy density

s2E(t) =
1

Ntr − 1

Ntr∑
i=1

[
Ei(t)− E(t)

]2
.
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Experimental Thermalization
Adam M. Kaufman et al., Science 353, 794, 2016

Bose-Einstein condensate of 87Rb atoms loaded into a two-dimensional optical lattice
They show that entropy thermalize to a fixed value
The entropy of a smaller subsystem approaches thermal entropy
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Entanglement Entropy

For each trajectory a generalized density
matrix Ri is computed

⇓

R =
1

M

M∑
i

Ri

⇓

S̄ = −1

2

∑
i

(λiln(λi)−(1−λi)ln(1−λi))

where λi are the eigenvalues of R
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Subsystem Entropy

Entropy goes from nonextensive area law,
blue dots:

SA ∝ Alog(kF ξ) + const.

⇓

SA(T ) ∝ sth(T )VA + const.

to area law, green dots
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Subsystem Entropy Plots

m : slope of the entropy linear fit
A : subsystem volume
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Conclusions

We proposed an extension to the BdG equations by adding the stochastic noise to the
pairing field
Together with the quantum cooling we can keep the energy constant with an error small
relative to the thermodynamic scale
We demonstrate that we can test whether we can reach thermalization trough two
conditions:

▶ By reaching a volume law for the entropy
▶ Smaller subsystems thermalizes before the whole system

Plan to use this extension to a more realistic case and compare with experiments

Thanks for your attention!
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